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Abstract 

To any Feynman graph (with 2n edges) we can associate a hypersurface 
X C p2"-i. We study the middle cohomology H'^^~'^{X) of such hyper- 
surfaces. S. Bloch, H. Esnault, and D. Kreimer (Commun. Math. Phys. 
267, 2006) have computed this cohomology for the first series of examples, 
the wheel with spokes graphs WSn, n > 3. Using the same technique, we 
introduce the generalized zigzag graphs and prove that W^{H'^^~'^ {X)) = 
Q(— 2) for all of them (with the weight filtration). Next, we study 
primitively log divergent graphs with small number of edges and the behavior 
of graph hypersurfaces under the gluing of graphs. 

This paper is my thesis at the university of Duisburg- Essen. 
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Introduction 



There are interesting zeta and multi zeta values appearing in the calculation 
of Feynman integrals in physics. One hopes that there exist Tate mixed 
Hodge structures with periods given by Feynman integrals at least for some 
identifiable subset of graphs. 

This paper is a natural continuation of the work started in |BEK] . 
For technical reasons we restrict our attention to primitively log divergent 
graphs. In [BEK] . Sections 11,12 the series WSn was work out in all de- 
tails. Let Xn C p2"-i be the graph hypersurface for the graph "wheel with 
n spokes" WSn, it was proved that (as a Hodge structure) 

iff -i(p2"-i\x) ^ Q(-2) 

and that the de Rham cohomology if|)^^(P^"'~^\X) is generated by the 
integrand of graph period fll.62p . In this paper we succeeded to do the same 
computation for the graph ZZ^, the zigzag graph with Betti's number equals 
5. We define a big series of graphs for which the minimal nontrivial weight 
piece of Hodge structure is of Tate type: gr J;^i„i72n-i(p2n-iyj5^) ^ Q(-2) 
for graph hypersurfaces X in this situation. We study gluings of primitively 
log divergent graphs and compute gY^-^H'^"-~^(f''^"-~^\X) = Q(— 3) for the 
case WS3 X WSn. 

This paper is organized as follows. Section 1.1 contains some theorems 
on determinants, this is a key ingredient of our computation. The second 
section is a remainder of the construction of graph polynomials and Feyn- 
man integrals. The cohomological tools are presented in Section 1.3. 

In Section 2.1 we compute the middle dimensional cohomology of the 
graph ZZ5. We define generalized zigzag graphs GZZ and prove that they 
are primitively log divergent in Section 2.2. Then we present the main 
result that the minimal nontrivial weight pieces of mixed Hodge structures 
of such graphs are Tate. In Section 2.3 it is proved that the integrand fll.62p 
IS nonzero m the de Rham cohomology H^j^j^^ {F'^''-^\X) for GZZ{n, 2) and 
generates it in the case of ZZ^. 

Section 3.1 contains the classification of primitively log divergent graphs 
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with small number of edges. In the next section we compute the cohomol- 
ogy for the new found graph with 10 edges, the graph XX^. This graph is 
obtained from two copies of the graph WS3 by the operation of gluing. We 
study gluings of primitively log divergent graphs in Section 3.3 and try to 
compute the middle dimensional cohomology for the series WS3 x WSn- 

I would like to thank Prof. Dr. Helene Esnault and Prof. Dr. Eckart 
Viehweg for the possibility to come to Germany, to join their research group 
and to study algebraic geometry. I am very grateful to my advisor Prof. Dr. 
Helene Esnault for her constant support and guidance throughout the prepa- 
ration of this thesis. I would like to thank Dr. Kay Riilling for reading this 
thesis and for help and Dr. Georg Hein for useful comments. Finally, I want 
to thank all my colleagues at the university of Essen for the nice friendly 
atmosphere during this three wonderful years. 



Chapter 1 
Preliminaries 



1.1 Determinants 

Fix some commutative ring R with 1 and let M. = {aij)o<ij<n be an 
(n+1) X (n+l)-matrix with entries in R. The numeration of rows and columns 
goes through n. Let Ai{io, ■ ■ ■ jik'ijo, ■ ■ ■ ,jt) be the submatrix which we 
get from the matrix after removing rows io to ik and the columns jo to 
jk- It is very convenient to denote the determinant of M. just by M. We 
assume that the determinant of zero-dimensional matrix is 1. For example, 
M(0, n; 0, n) = 1 for the matix in the definition above with t — n — 1. 

Theorem 1.1.1 

Let n > 1. For any (n + 1) x (n + 1) -matrix A4 and any integers < i, 
j, k,t < n, satisfying i ^ k and j ^ t, we have 

M{t- j)M{k- 1) - M{k- 3)M{i- t)^M- Mii, k; j, t). (1.1) 

Proof. First, we show that it is enough to prove the statement for the case 
j = and k = t = n. Fix a matrix M. and some i, j, k and t. Let 
At be a matrix that we get from A4 after interchanging the pairs of rows 
<-> i, k n and columns <-> j, t n. Notice that the operation of 
interchanging rows commutes with the operation of interchanging columns. 
Suppose that the statement of the theorem is true for J\4: 

M(0; 0)M(n; n) - M(0; n)M{n; 0) = MM(0, n; 0, n). (1.2) 

Both matrices Ai{k; t) and Ai{n; n) have the same missing column and row, 
namely the t-th column and A;-th row of Ai, thus the matrices differ only by 
the order of rows and columns. This means that the determinants M(/c; t) 
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and M{n; n) are the same up to sign. But each interchange of two rows or 
two columns changes the sign of a determinant, hence 



M{k;t) = M{n;n). 



Similarly, 



M{k;j) = M(n;0) (1.3) 

M{i;t) = M(0;n) (1.4) 

M{t;j) = M(0;0) (1.5) 

M{i,k]j,t) = M(0,n;0,n) (1.6) 

M = M (1.7) 

Thus, we can assume that i = j = and k = t = n. 

We prove the statement by induction on the dimension of A4. Suppose 
that for all r x r-matrices with r < n and all i, j, k and t the statement 
is true. The strategy is to present the polynomials of both sides of (11. 2p 
as polynomials of the variables which are entries of the first and last row 
and column. For simplicity, we denote by A/" the matrix Ai{0,n] 0,n) and 
define / to be the set {1, 2, . . . , n — 1}. We start with M{n, n) and, using 
the Laplace expansion along the zero column and then along the zero row, 
we get 

M(n, n) = aooM(0, n; 0, n) + ^(-l)^aioM(i, n; 0, n) 

i€l 

= aooN + ^(-l)*aio ^(-l)^-'aojM(O, t, n; 0, j, n) 
= aooiV+ 5^(-l)*+^"'aioao,iV(z;j)- 
Hence the left hand side of (11.11) equals 



LHS = (aooiV + J2 {-ly^'^'aioaojNit; j)) 
■ (annN + J2 {-l)''^''^aknantN{k; t) 



k,tei 
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- ((-l)"-ia„oiV + J](-l)*+*+"a,oa„iiV(^; t)) 

i,tei 

■ ((-l)"-iao„iV + J2 (-l)'+^+%,a,„iV(fc; j)) 
= aooOnniV^ + a^nN ^ (-l)'+-'~^aioaojA^(^; j) 
+aooA^ J2 {-l)''^'~^aknantN{k; t) 
+ Yl (-l)*+'+'''*«*oao,afcna„tiV(^;j)iV(A;;t) 

- J] (-l)'=+-''+'+*a,oa„iao,afc„iV(^;t)iV(fc;j). 

By the assumption, for i ^ k and j 7^ t one has 

N{z- j)N{k- 1) - N{z- t)N{k- 3) = NN{i, k; j, t). (1.10) 

Note that, in the case i = k or j = t, the products N{i; j)N{k;t) 
and N [i] t) N [k] j) are the same, and then all summands of (11.91) which are 
multiples of N{i] j)N{k]t) or N{i]t)N{k; j) cancel. Thus we can rewrite 
the big sum (11. 9p in the following way 

LHS = (floO'^nn ~ (^OnC'no)N'^ 

+a„„iV ^(-l)^+^-iaioao,iV(^; j) 
+aooN J2 {-l)^^'''aknantN{k; t) 

+aoniV^(-l)*+*a,oa„iiV(^;t) (1.11) 
i,tei 

+anoA^ J](-l)'=+^aojafe„Ar(fc;j) 

k,j£l 

+N ^ {-iy+^+'+'aioao,aknantN{t,k;j,t). 
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The last sum is equal to NM. Indeed, define /' to be /U{n+1}. We expand 
M along the zero row and the zero column using a formula like (11 .Sp and 
then expand it further along the n-th row and the n-th column: 

M= aooM(0;0)+ (-1)*+^- WoiM(0, 0, j) 

= aooM(0;0) - a„oaonM(0,ra;0,ra) 
+a„o J2i-ir^^-'aojM{0, n; 0, j) 

+ao„^(-ir+"-^a,oM(0,z;0,n) 

+ 5^(-ir+^-Voao,M(0,^;0,j) 

aoo(a„„M(0,n;0,n) + ^ (-l)''+*-^afc„a„tM(0, i, n; 0, j, r 

k,tei 

-a„o«OnM(0,n;0,n) + ^ (-l)'''+%„o«OiafcnM(0, /c, n; 0, j, n) 

j,kei 

+ ^{-iy^^aioaonantM{0, i, n; 0, t, n) 
+ ^ {-ly^^'^aioaoj (^annM{0, i, n; 0, j, n) 
+ J2 (-l)*^+*"'afenantM(0,«,fc,n;0,j, 

(1.12) 

Hence the sum (11.111) equals MN. 

□ 

For a matrix Ai = {aij)o<ij<n we define the minors 

II := M(0, 1, . . . ,^ - 1, ^ + fc, z + /c + 1, . . . , n; 

0,l,...,i — l,i + k,i + k + l,...,n). 

and 

:= M(t, t + 1, . . . , n; 0, t + 1, t + 2, . . . , n), (1.14) 

where 1 < < n + 1 and 1 < t < n. We usually write J„ for /°. For 
example, J„+i = M, = M(0; 0) and /„ = M(n; n). 
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Corollary 1.1.2 

For a symmetric matrix M. = {aij)o<ij<n one has the following equality 

Inin ~ In-lIn+1 = {Snf ■ (1-15) 

Proof. Since M. is symmetric, M (0; n) = M{n\ 0) = Sn and the statement 
follows immediately from Theorem ll.l.ll 

□ 

Take now an (n + 1) x (n + l)-matrix M. = {aij) with entries in R and 
suppose that the transpose of the last row equals the last column with 
elements, numerated by single lower indices. 









■ Oora-2 


OOra-1 


ao ^ 






an 


■ Q'ln-2 






M = 
















O'n-21 


• 0'n-2n~2 


Q-n-2n-l 


Q'n-2 




On-10 




'■ fln-ln-2 


O-n— 1 n—1 


O-n-l 




\ ao 


ai 


'■ 0,n-2 




an J 


The determinant of Ai is thought of as an 


element in 


R[ao, . 


be written as 














M = 









:i.i6) 



defining Then is computed as 



Gn '■ 



= J2 {-iy'^^aiajln{i]j). 

0<i,j<n-l 



an] ■ It can 
(1.17) 

(1.18) 



The entries Oj play the role of variables while the other entries and minors are 
coefficients. The element Gn G R[aQ, . . . ,an] is of degree 2 as a polynomial 
of the variables. We claim 



Theorem 1.1.3 

Let In-i ^ mod /„. Then 

In-iGn = LinLi'^ mod 
for some Lin cLnd Li'^, linear as polynomials of the "variables". 



:i.i9) 
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Proof. By Theorem ll.l.ll we have 

In{i]j)In{n - l]n - 1) = In{i]n - l)In{n - mod (1-20) 

for aA\ 1 < i, j < n — 2. We multiply Gn by /„_i = In{n — 1, n — 1) and get 
In~iGn= a^_^(/„_i)2+ {-iy+^aiajln-iln{i]j) 

0<i<n-2 

= (an-lln-l+ Yl (-l)'"'""Wn(^;n-l)') 

■f a„_i/„_i + ^ (-l)-'+""^aj/„(n - j mod /„. 

^ 0<j<n-2 ^ 

(1.21) 

We set 

Ltn = an-Jn-i + (- 1 ^+"-^0^4 n - 1) (1.22) 

0<i<n-2 

and 

= a„_i/„_i + 5^ (-l)^+"-Wn(n-l;j)- (1-23) 

0<j<n-2 

□ 

In the next chapters we deal only with symmetric matrices, thus we make 
a 

Corollary 1.1.4 

Let M. = (ttij) be a symmetric {n + 1) x (n + 1) -matrix with entries in a 
ring R (see (\1.16\] ). If In-i ^ mod /„, the congruence 

h-iG.n = {Linf mod/„ (1.24) 

holds, where Gn and Lin are given by U.18\] and U.22\) respectively. 

One more fact about Gn will be used frequently in the next chapters. 

Theorem 1.1.5 

Let M. = (aij) be a symmetric (n + 1) x {n + 1) -matrix with entries in a 
ring R and assume that the quotient ring R/ (In) is a domain. If = 
mod /„, then 

Gn= Yl «'^n(^,0 + 2 Y (-irWj4(^;j) mod/„. (1.25) 

0<i<n-2 0<i<j<n-2 
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Proof. We prove that Gn forgets the "variable" On-i- Since Ai is symmet- 
ric, we can rewrite G„ (see fll.lSp ) as 

Gn = al_Jn-l + 5Z (-l)'^""^«i«n-l {ln{h U - I) + In{n - 1, i)) 
0<i<ra-2 

0<i<j<n-2 

= + 2 J2 (-l)'''""W.-i/n(^,ri-l) 

0<i<n-2 

0<i<n-2 0<i<j<n-2 

(1.26) 

Theorem 11.1. II imphes 

{In{i,n - l)y = In{i,i)In{n - l,n - 1) mod /„ (1-27) 

for all < 2 < n — 2. Because R/{In) is a domain and = /n(^ — 1, 
n — 1) = mod /„, we get 

/„(i,n-l) = mod 4. (1.28) 

Hence, fll.26p implies the congruence 

Gn= Y «i^n(^,0 + 2 Yl {-^Y^'cii<^M^-^j) mod 4. (1.29) 

0<i<n-2 0<i<j<n-2 

□ 

Remark 1.1.6 

In our computations we will apply Corollary 11.1.41 and Theorem 11.1.31 only 
for the case where i? in a polynomial ring over an algebraically closed field 
of characteristic zero. Moreover, entries of matrices will be only linear 
polynomials in R. 

Take a symmetric (n + 1) x (n + l)-matrix M. = (aij) and numerate the 
variables in the last column and row by aj's with single lower indices as in 
(11.161) . We assume that the entries are in the ring R = K[xo, ...,Xm], for 
some field = A' of char 0, for some set of variables X = {xq, . . . , Xm} and 
for some m (in the matrices associated to graphs we have always m = 2n+l). 
Assume that the are in X U {0} for < i < n — 2 and all nonzero Oj for 
< i < n are mutually different. Without loss of generality, we can assume 
oc — ^-^Th ^nd. tie ^ — (Xiy^ ^. 
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Consider the projective space P"* = P™'(xo : . . . : Xm)- The vanishing of 
polynomials in R, or determinants of submatrices of A^, or A4 itself define 
hypersurfaces in this projective space. Throughout the whole paper, for a 
finite set /i, /2, . . . of homogeneous polynomials we denote by V(/i, /2, ...) 
the corresponding reduced projective scheme. We consider the following 
situation. Let 

\/:=V(4,/„+i) GP"^, (1.30) 
and define an open U in V hj 



:i.3i) 



This is equivalent to say U := V\V fl V(/„_i); we usually write down such 
systems in order to see the way of stratifying the schemes further. We write 

In+l = O-nln ~ Gn (1.32) 

and see that U is defined by the system 





:i.33) 



These three polynomials are independent of a„. Let Pi G P™ be the point 
where all variables but a„ vanish. Consider the natural projection tti : 
¥^\Pti — > pm-i and denote by Vi resp. Ui the images of V resp. U 
under tti, i.e. 

\/i = V(/„,G„)cP'"-^ (1.34) 

and Ui C P™"^ defined by the system ffL33|) . By the Corollary [LTll on U 
and [/i we have 

In-iGn = {Lin)\ (1.35) 

thus the vanishing of G„ is equivalent to the vanishing of Lin- This means 
that [/i is defined by 

/n = 

Lin = (1.36) 

4-1 7^ 0. 

On Ui we can express a„_i from the equation 

Ltn = an^iln-i + ajnit; u - 1) = (1.37) 

l<j<n-2 
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and get 

a„-i= Yl {-ly^-'^^^^^^p^. (1.38) 

0<i<n-2 " ^ 

Of course, the right hand side of the last equahty can depend on a„_i. If 
this is not the case, we consider the point P2 C P"^"^ where all variables 
but an-i are zeros and claim 

Theorem 1.1.7 

Suppose that all entries aij of Ai are independent of an-i- The natural 
projection 

induces an isomorphism between Ui and an open U2 C P'""^ (defined by 

t/2:=V(/„)\V(/„,/„_i). (1.39) 
Proof. n2{Ui) = U2 and the expression fll.38p for a„_i gives the map 

(p:U2 — > P""^ (1.40) 

inverse to n2- 

□ 
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1.2 Graph polynomials 

Let r be a finite graph with edges E and vertices V. We choose an orien- 
tation of edges. For a given vertex v and a given edge e we define sign(e, v) 
to be —1 if e enters v and +1 if e exits v. Denote by Z[i?] (resp. '^[V]) 
the free Z-module generated by the elements of E (resp. V). Consider the 
homology sequence 



— > Hi(T, Z) ^ Z[E] ^ Z[V] — > Ho(T, Z) — > 0, (1.41) 



where the Z-linear map d is defined by d{e) = ^^^y sign{v,e). The ele- 
ments of a dual basis of Z[i?] define linear forms o t on if = HiiV, li). 
We view the squares of this functions (e^ o i)^ : if — Z as rank 1 quadratic 
forms. For a fixed basis of H we can associate a rank 1 symmetric matrix 
Me to each such form. 

Definition 1.2.1 

We define the graph polynomial of F 



in some variables A^,. 

The polynomial ^ is homogeneous of degree rank H. A change of the basis 
of H only changes by +1 or —1. 

Definition 1.2.2 

The Betti number of a graph F is defined to be 



Recall that a tree T C F is a spanning tree for the connected graph F if 
every vertex of F lies in T. We can extend this notion to a disconnected F 
by simply requiring TflFj be a spanning tree for each connected component 
Fj C F. The following proposition (see |BEKj . Proposition 2.2) is often used 
definition of graph polynomial. 

Proposition 1.2.3 

With notation as above, we have 




(1.42) 



hi(T) =rankifi(F,Z). 



(1.43) 



T span tr. e^T 



(1.44) 
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Corollary 1.2.4 

The coefBcients of \l/r arc all cither or 



-1. 



For the graph F we build the table Ta6(F) with h{r) rows and |-E(F)| 
columns. Each row corresponds to a loop of F, and these loops form a basis 
of Hi(r, Z). For each such loop we choose some direction of loop tracing. 
The entry Tah{T)ij equals 1 if the edge tj in the i's loop is in the tracing 
direction of the loop and equals —1 if this edge is in the opposite direction; 
if the edge Cj does not appear in the i's loop, then Tab{V)ij — 0. We take 
N := \E{T)\ variables Ti, . . . , Tjv and build a matrix 



N 



Mr{T) = J2TkM' 



:i.45) 



k=l 



where M'^ is a /ii(F) x /ii(F) matrix with entries 

Mf^ = Ta6(F),d • Tabir)ja. 
By definition, the graph polynomial for F is 

*r(7') =detMr(T). 
Consider the following example which will appear in section 2.1. 



(1.46) 



(1.47) 



Example 1.2.5 

Let F be the graph ZZ^ (see the drawing). This graph has 10 edges and 
the Betti number equals 5. 
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-1 











-1 








1 


1 



We choose the orientation and the numbering of edges as on the drawing to 
the left. Following the construction above, we build the table Tah{ZZ^) to 
the right and get the following matrix 



MzzAT) 







n 








-T2 






Ts 


T:i+T4+T5 

















n 


T5+T6+T7 


T7 


-Te 












TV 




T9 




V 


-T2 







Tg 


Ta+Tg+Tg+Tio 


1 



:i.48) 
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Obviously, using a different numbering of edges we get the same matrix and 
polynomial up to reindexing of T's. The different numeration of loops which 
we take will give us the same graph polynomial. Indeed, the interchange 
of the i's and the j's loop gives us the matrix Mr(T) which can be gotten 
from Mr(T) by interchanging of the i's and the j's row and then the i's and 
the j's column. The change of the orientation of one edge Cj gives us the 
same matrix Mp. If we change the direction of tracing of the i's loop, then 
all entries of the i row change signs and then all the entries of the i column, 
thus the polynomial remains the same. Finally, if we choose another basis 
of Hi{r, Z) then \l/r remains the same by Proposition 1 1 . 2 . 31 but the matrix 
changes. We are interested not only on the graph polynomial itself, but also 
in the matrix Mp. We will always choose loops of small length to get as 
much zeros in Mr as possible. 

Definition 1.2.6 

The graph hypersurface Xr C P^~^ is the hypersurface cut out by \I'r = 0. 

Throughout the whole paper we deal with such graph hypersurfaces. Some- 
times it is convenient to make a linear change^f coordinate in P^~^ to 
simplify the matrix. Clearly, this new matrix Mr will define a hypersur- 
face isomorphic to X, which we denote again by X. For the graph in 
Example ll.2.5[ we note that Tq, T4, Tg and Tiq appear only in the diago- 
nal of MzzsiT). Changing the coordinates and redefining the variables by 
Ao, . . . , A5, Bq, Bi, B3 and B4, we get the matrix 



M = MzzM,B) 



( Bo 


Ao 








A5 \ 


Ao 


Bi 


Ai 











Ai 


C2 


A2 


A, 








A2 


Bs 


As 


^ A5 





A^ 


As 


^4 J 



;i.49) 



where C2 = Ai + A2 — A4. If we change the direction of tracing of the fifth 
loop for ZZr,, then we come the the matrix of the same shape as (11.491) but 
with C2 = Ai + A2 + A4. 

Remark 1.2.7 

Proposition 2.3 shows that for a variable Tj the determinant of the matrix 
Mr(T) is linear as a polynomial in Tj. The statement does not hold for the 
matrix Mr which we get form Mr(T) by linear change of variables. 



Now we are going to define Feynman quadrics and explain where the graph 
polynomials are coming from. We follow |BEKj . section 5. Let C M be a 
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real field. (We use K = Q for the applications to Feynman quadrics.) Take 
some homogeneous quadrics 

Qi : QiiZi, ...,Z2r)=0, for 1 < i < r, (1.50) 

in the space F'^^~^{Zi : . . . : Z2r)- The union U\Qi of this quadrics has 
degree 2r. Thus T(F'^^~^,u!{YTiQi)) = ^[v] where t] is given by 

dZi A . . . A dZ2r-l 

r/U2._i^o= z : (1.51) 

qi...qr 

on the affine open Z2r 7^ with coordinates zi = and qi = We write 

T] = — where (^zr-i = V(-l)'ZirfZi A...dZi---A dZ2r. (1.52) 
The transcendental quantity of interest is the period 

P{Q):=f ,1= r (1.53) 

jp2'--i(R) J zi,...,z2r-i=-oo qi ■ ■ - qr 

(when the integral is convergent). 

Suppose now r = 2n above and let H = K'^ be an n-dimensional vector 
space; we identify p^"^! = P(if^). For a linear functional I : H ^ K, 
P gives a rank 1 quadratic form of H. A Feynman quadric is a rank 4 
positive semi-definite form on p4"-i of the form q = qi = We 
are interested in the quadrics Qi of this form. So, we suppose that the 
linear forms are given, 1 < i < 2n and consider the period P{Q) for 

For a linear form I : H ^ K,we define A = ker(Z) and A = P(A, A, A, A) C 
p4n-i_ rjj_^g Feynman quadric qi is then a cone over the codimension 4 linear 
space A. We have qi = Zf + ■■■ + Zl for a. suitable choice of homogeneous 
coordinates Zi, . . . , Z2n- 

Consider now a graph F with edges and the Betti number n = hi{r). 
By (11.411) , we have the configuration of A^ hyperplanes in the n-dimensional 
vector space H = Hi{r). As above, we consider the Feynman quadrics 
qi = (/2, /2, /2, /2) on l<i<N. 

Definition 1.2.8 

The graph F is said to be convergent (resp. logarithmically divergent ) if 
A^ > 2/ii(F) (resp. A^ = 2/ii(F)). The logarithmically divergent graph 
F is primitively log divergent if any connected proper subgraph F' C F is 
convergent. 
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When r is logarithmically divergent, the form 

ujr := (1.54) 

gi • • • q2n 

has poles only along [JQi, and we define the period 

P(r) := / ur (1.55) 



as in f ll.53p . 
Proposition 1.2.9 

Let r be a logarithniically divergent graph with 2n edges and hi{r). The 
period P{T) converges if and only if T is primitively log divergent. 

Proof. See jBEK] . Proposition 5.2. 

□ 

Now we explain the Schwinger trick. Let Qi : qi{Zi, . . . , Z^n) = 0, 1 < 
i < 2n he quadrics in p^"-!^ and assume that the period integral fll.53p 
converges. Let Mj be the 4n x An symmetric matrix corresponding to qi, 
we define 

$(^1, . . . , A2n) ■■= det(AiMi + . . . + A2„M2„). (1.56) 

The Schwinger trick relates the period integral P{Q) (see fll.53p ) to an 
integral on 



1 



-i(]R) <?! • • • q2n Jo-2"-i(M) V $ 

Here by cr^""-'^(]R) C P^""-'^(]R) we denote the locus of all points s = [si, . . . , 
such that the projective coordinates Sj > 0. C is an elementary constant 
and fi's are as in fll.52p . More precisely, we have the following 

Proposition 1.2.10 

Assuming that the integral P{Q) is convergent, we have 

P^ar.-f ^^.s^f (1.58) 



where c e Q , [Q(c) : Q] < 2. If $ = S for some E G Q[Ai, Ain], then 
c e 
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Proof. See pEK] . Proposition 6.2. 

□ 

Corollary 1.2.11 

Let r be a primitively log divergent graph with 2n edges and qi, . . . , q2n are 
the Feynman quadrics associated to T. The symmetric matrices Mi in this 
case are block diagonal 



M 



/ Ni \ 

Ni 

Ni 

V Ni J 



:i.59) 



and we can write $ = , where \l/r = det(AiA'^i + . . . + A2nN2n) is a graph 
polynomial l{1.42\) . Applying Schwinger trick, we get 



for c G 



PiQ) := = — / (1.60) 



In Section 7 of [BEKj . the following construction was defined for a primi- 
tively log divergent graph F. Consider p2"-i with homogeneous coordinates 
Ai, . . . , A2n associated with edges of T. We refer to linear spaces L C P^"-! 
defined by vanishing of the Ai as coordinate linear spaces. For such an L, 
we write L(R-°) for the subset of real points with non- negative coordinates. 
We know that 

Xr(C)na2'"-i(R) = y L(M^°), (1.61) 

LcXr 

where the union goes over all coordinate linear spaces L C Xr (see |BEK] . 
Lemma 7.1). 

Proposition 1.2.12 

For F a primitively log divergent graph, define 



V = Vr = ^2 • (1-62) 



■r 



There exist a tower 



TT = TT,. O ■ ■ ■ O TTi, 



1.63) 



where Pi is obtained from Pi-i by blowing up the strict transform of a 
coordinate linear space Li C Xr and such that 
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(i) ir^rir has no poles along the exceptional divisors associated to the blowups. 

(ii) Let B G P be a total transform of coordinate hyperplanes A^"^^ : 

A1A2 . . . A2k = 0. Then B is a normal crossings divisor in P. No face 
(on-empty intersection of components) of B is contained in the strict 
transform ofY of Xr in P. 

(iii) the strict transform of cr^"'~^(R) does not meet Y. 
Proof. See pEK] . Proposition 7.3. 

□ 

So we define a relative cohomology 

H := H'^''-\P\Y,B\BnY). (1.64) 

The period of tliis relative cohomology (i.e. the integration along a homol- 
ogy of H with a de Rham cohomology of H) is exactly 

(1.65) 

that one appeared in (11.601) . For more explanation see [BEKj and [Bl] 
section 7 and 8. We can consider the system of realizations of H (see, for 
example, [Hub]). There is a hope (see [BEK] . 7.25) that for all primitively 
log divergent graph, or for an identifiable subset of them, the maximal 
weight piece of the Betti realization Hb is Tate, 

gTZa.HB = Qi-pr. (1.66) 

One would like to that there should be a rank 1 sub-Hodge structure l : 
Q{-p) "-^ S^maxHB such that the image of r^r G Hdr in gr^^^HoR spans 
<Q(-p))Di?. 

Unfortunately, we cannot compute this even in very simple cases, but 
something can be done here. Note that by the construction the blow up 
above, we have natural inclusion P^"^^\X ^ P\Y. This implies a mor- 
phism 

Furthermore, the relative cohomology in (11.641) fits into an exact sequence 

— , H"{B\B n F) — — > H^''-^{P\Y) — ^ (1.68) 

The idea (and the only thing we can do) is to compute if^"'~^(P^"^^\X). 
We hope that the map j in fll.67p is nonzero, otherwise our computations 
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give no information about H. In the paper |BEK] . Section 11, there was 
computed if^"~^(P^"~^\X„) for X„ a graph hypersurface of WSn, n > 3 
(for Betti or 1-adic cohomology) 

ff2«-i(p2n-i\x„) = Q(-2n + 3). (1.69) 

Moreover, motivated by discussion above about the weights of reahzations 
of H, for the de Rham cohomology there was proved (see Section 12) that 
the class of 

Vn:=^eriF'^-\uji2Xr,)) (1.70) 

n 

lies in the second level of the Hodge filtration (and generates the whole 
cohomology because H^^j^\F'^''-^\Xn)) is one dimensional). 

In the next chapters we compute if^""^(P^"'^^\X) (or the maximal 
graduate piece of weight filtration) for new examples of primitively di- 
vergent graphs. For ZZ^ it also succeeded to do the computation for 
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1.3 Cohomology 

In this section we explain the cohomological tools we will use. We start with 
etale cohomology theory and at some place we proceed both with etale and 
Betti cases. 

Definition 1.3.1 

Let X be a separated scheme over some field K of char. 0. We and ^ be 
a torsion constructible sheaf of abelian groups on X. We can consider ^ as 
a contravariant functor ^ : Et/X Ah. The category of sheaves for the 
etale topology on X is abelian with enough injectives. Now we can define 
etale cohomology groups H'^{Xet, ^) exactly as in the classical case using 
the derived functors of ^ i— J^{X). 

Suppose now that there exists an embedding j : X ^ X into some com- 
plete scheme X as an open subscheme. Then the cohomology with compact 
support of X is defined to be 

H:{X,^)=H^(X,j,^). 

For any closed subscheme Z G X in the assumptions above, one has the 
following exact sequence 

Hl{X - Z, ^) ^ Hl{X, ^) Hl{Z, ^) — . (1.71) 

induced by the exact sequence of abelian sheaves 

j'li^lx-z) ^ ^*(^U) 0, 

where j' : X — Z X and i : Z ^ X denote the inclusions 
3, Remark 1.30). 

Definition 1.3.2 

A variety X is said to have cohomological dimension c if c is the least integer 
such that 

if"(X,^) = (1.73) 
for r > c and all torsion sheaves on X. 

From now on we suppose K to be algebraically closed because in our com- 
putations the following theorem is used frequently. 

Theorem 1.3.3 

For a variety X over algebraically closed field K, 

cd(X) < 2dim(X). (1.74) 



(1.72) 
(see jMiT] . ch. 



If X is afEne, then 



cd(X) < dim(X). 



(1.75) 
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Proof. For the proof of the first statement see |Mi2j . Theorem 15.1. The 
proof of the second statement is given in |SGA7j . XIV, Theorem 3.1, this 
statement is usually called the Artin vanishing. 

□ 

We return to the exact sequence fll.7ip : applying it for the constant sheaves 
determined by A = for each n, and taking the inverse limit, we 

get the localization sequence: 

H:{X - Z, Qi) H'{X, QO — . H'{Z, QO (1.76) 

Because the operation of taking the inverse limit is an exact functor on 
modules of finite length, this sequence is exact. Theorem 11.3.31 has the 
following corollary. 

Corollary 1.3.4 

For an afEne smooth X and a locally constant sheaf ^ (in particular, 
^ = Qi) on X 

Hl{X,^) = Q (1.77) 

for r < dim{X). 

Proof. Since X is smooth and ^ is locally constant, we can apply the 
Poincare duality ( |Mi2j . Theorem 24.1) to X. This implies the first state- 
ment. Considering the inverse system of constant sheaves determined by 
A = Z//"Z, for each n > 1, and using the same argument as that one for 
the sequence (11.761) . we get H^{X, Qi) = for r < dim{X). 

□ 

Consider the following situation: X C P™ is defined by the vanishing of one 
homogeneous polynomial / G K[xq, m > 2, we write X = V(/) in 

such situation. Applying (11.761) for the inclusion X ^ P™, we get an exact 
sequence 

— . H:{F^\X, Qi) ^ H'-(F^, Qi) H'{X, Qi) . (1.78) 

Note that P™\X is affine (and smooth) of dimension m, thus, by Artin's 
vanishing or Corollary 11.3.41 

H:{F"'\X,Qi)) = (1.79) 

for < r < m — 1. This implies 



H'{X,Qi) = H'^{F^,Qi) 



(1.80) 
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for < r < m - 2 and H'^-^F^^Qi) ^ H^'-^X^Qi). So, the first 
interesting cohomology of a hypersurface in P"* is in degree m — 1, we call it 
sometimes a middle dimensional cohomology H'^^'^^X). Now we formulate 
some statements both for etale and Betti cohomology and write H^'{X) to 
unify the notation. 

Definition 1.3.5 

Define 

H^JX) coker{H^{F^) H^{X)) (1.81) 

for all r. 

We have no good reference for the following statement and we will prove in 
here. 

Theorem 1.3.6 

Let X C P" be a variety over algebraically closed field of characteristic 0. 
Then the morphism 

<Pr ■■ H'iF'') — > H'iX) (1.82) 
is injective for < r < 2 dim X . 

Proof. First consider the case of X being a hypersurface, so dim X = n — 1. 
Since H{X) = H{X,.cd), we can assume that X is reduced. For odd r the 
cohomology H^{F") vanishes and there is nothing to prove. We start with 
top cohomology iJ^"~^(X), r = 2n — 2. The singular locus E of the reduced 
hypersurface X is of dimension at most n — 2. Define the complement 
U :— X — T,. Consider the localization sequence 

_^ H2n-3^j.^ _^ i/2n-2([/) //""""(X) //""""(E) . (1.83) 

Both the leftmost and the rightmost terms vanish for dimensional reasons, 
and we get an isomorphism 

H^^'-^X) = i/f -2(?7). (1.84) 

Let X be a union of irreducible components X = [Jl^i Xi. We resolve 
singularities and get some X = Y[i=i -^i with the inclusion U ^ X. This 
gives us a localization sequence 



(1.85) 



Again, the term to the left and the term to the right are zero for reason of 
dimension, and we get an isomorphism 

^2n-2^^^ ^ //2"-2(X). (1.86) 
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Each Xi is a smooth projective scheme of dimension n — 1, and we can 
compute 

j 

j=l 

For a general hne £ e P*^ we have £0 X cU. Now, 
The intersection with X induces a map 

^2n-2(pn) ^ H^^^-^^X). (1.89) 

By excision, we have an isomorphism 

P : Hf-^-\X) - H]^-\U) - (1-90) 

Note that £ flX is a union of degX points (lying on U). We have a natural 
morphism 

j 

Hf^~x{X) ^ H^'^-^X) ^ H^''-\Y[Xi). (1.91) 

i=l 

Here 7 maps the class of a point p E £ H X to the class of this point in 
i7^"~^(Xj) when p e Xj. All the Xi are smooth projective of dimension 
n — 1. Thus H'^'^~^{Xi) is one-dimensional and generated by the class of 
a point. Then the composition 7/3a is a nonzero map. Since _ff2n-2j-pn^ jg 
one-dimensional, this proves that 02n-2 is injective. 
Now we consider maps 

//2^(P") H^\X), (1.92) 

i < n — 1, and take n — 1 general hyperplanes Hi, ... , Hn-i C P". The 
cohomology to the left is generated by the class [D,] with := Hid. . .(iHi. 
For injectivity it is enough to show that 02i([-Di]) 7^ 0. Using the cup- 
product on H*{X), we obtain 

Mim = umr e h^\x). (1.93) 

We see that Dn—i — HiD. . .(~]Hfi_i is a general line £ G P" and it was proved 
above that hn-2i[£]) = MiDi]^-^ 7^ in H^^-\X). Thus 02i([A]) 7^ 
and 02i ill injective for alH < n — 1. 

Suppose now that X C P" is defined by m homogeneous polynomials, 
X — V(/i, . . . , fm), and is of dimension d. We can play the same game 
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for Xred to show that 0i are injective for i < 2d. Indeed, take general 
hyperplanes Hi, 1 < i < d and define Dd := Hid . . . H Ha- Then DaHX C 
X smooth- Denote by X the Hironaka resolution of singularities of Xres (exists 
since K = K). By the same argument as above, 

i 

H^'^{X) = H^^X) = Q{-d). (1.94) 

i=l 

Note that in if^'^(X) only the summands which correspond to the resolu- 
tions of the irreducible components of maximal dimension (= dim(X)) may 
survive, all other die for reason of dimension. 

The intersection Dd fl X is a union of points. We explain the map (j)2d 
as above and conclude that (p2d{[Dd]) 7^ in H'^'^{X). Now it follows that 
4>2i{[Di]) 7^ and 02i is injective for all i < d. 

□ 

Let X be a proper scheme and Y G X he a closed subscheme. By 
the theorem above, the localization sequence for F C X implies that the 
sequence 

KiX\Y) Hl„^{X) H;„^{Y) ^ (1.95) 

is exact in all terms up to H^^^^iY) for i = 2 dimF. 

The Mayer- Vietoris sequence for the closed covering X = Xi U X2 yields 
the sequence 

' H'primi.^) ' Hlrimi.^l)®Hlrimi.^2) ^ -f^pHm(^l ^^2) ^ (1.96) 

which is exact in terms up to Hpj.-^{Xi H X2) for i = 2 dimXi fl X2. 

For our computations we need some vanishing theorems. First, Artin's 
vanishing holds in the analytic category. 

Theorem 1.3.7 

Let X be an aiSne variety defined over the field of complex numbers, and 
^ be a constructible sheaf. Then H"^{Xan, ^) = for m > dim{X). 

Proof. The direct analytic proof can be found in [Es] . 

□ 

The next two theorems are often referred to in the next chapters. 
Theorem 1.3.8 (Vanishing Theorem A) 

Let Y be a variety V{fi, f2, ■ ■ ■ , fk) C P^(ao : ai : . . . : Qn) for some 
homogeneous polynomials fi, . . . , fk G K[ao, ■ ■ ■ ,aN], and suppose that fi 
are independent of the first t variables a^, ■ ■ ■ , at-i for each i, 1 < i < k. 
Then 
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1) H;^,JY)^0 forr<N-k + t. 

2) //'■(y) = H'-^\Y'){-t) for r > 2t, where Y' C P^"* is defined by the 

same polynomials. 

Proof. Suppose first that t = 0. We prove that H''{¥^\Y) = for r > N+ 
k using induction on k. For A; = 1 we have an affine P^\y and the statement 
is exactly Atrin's vanishing. Assume that k > 1 and the statement holds 
for all Y defined by at most s < k polynomials. Let Y := V(/i, f2, ■ ■ ■ , fk) 
and U = F^\Y. Define the covering Ui,U2 C U hy Ui P^\V(/i) and 
U2 := P^\V(/2, ...Jk)- Note that the intersection 

C/3 := C/i n C/2 = P^\(V(/i) U V(/2, ...,fk))^ P'^\V(/i/2, . . . , hfk) (1-97) 

is again the complement of a complete intersection defined by at most k — 1 
polynomials. We write a Mayer- Vietoris sequence 

H'-\U^) H'{U) H'{Ui) © H^{U2) (1.98) 

By the assumption both the cohomology to the left and the summands to 
the right vanish for r — 1 > A^ + A; — 1. Thus, the sequence implies H^{U) — 
for r > N + k. The induction hypothesis follows. 

By duahty, one has H;:{¥^\Y) = ior r < N - k. We have an exact 
sequence 

HlrLi^"") KriLiy) KiF'^XY) i/;_(P^) (1.99) 

Since i/*^.j^(P^) = for all i, the sequence gives us an isomorphism 
HU^iy) = H:{F^\Y). Thus H;„ JY) = for r < at - A;. 

Suppose now that t > 1. Define A := V{at, . . . ,aAr) = P* ^. Consider 
the natural projection tt : P'^\A — > P^~*. Note that A C F is a closed 
subscheme, thus one has an exact sequence 

K{y\^) H;,^miy) ^;„m(A) . {i.m 

The map tt gives us an A*-fibration over 7r(y\A) = Y', by homotopy in- 
variance 

i/;(F\A) = H'-^\Y'){-t). (1.101) 

Now, H''iY\A) = for r < 2n - 1 and H''{A) = for r > 2n - 1. 
The sequence above implies /fp,,.j„j(F) = ifp^j^(A) = for r < 2n — 2, 
H'^n-i(Y) = 0, and H'{Y) = H'{Y\A) ^ H''-'^\Y'){-t) = for 2t < r < 
N — k + t. We applied here the case f = for Y'. The statement follows. 

□ 
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Theorem 1.3.9 (Vanishing Theorem B) 

For homogeneous polynomials fi, . . . , f^, h G K[aQ, . . . ,aN-], k > 0, define 
subscheme U C by equations /i = • • • = //t = and inequality h ^ 0, 
i.e. 

U:=V{h,...Jk)\V{fu...Jk,h). 

Suppose that all the polynomials are independent of the first t variables 
Oo, . . . , at~i, Slid let U' C P^~* be defined by the same polynomials but in 
P^^*(af : . . . : a^r). Then the following equalities hold: 

1) Hi(U) =0 fori < N -k + t. 

2) Hl{U)=Hl-'\U'){-t). 

Proof. Suppose first that t = 0. Let Y := V(/i ...,/„) C P^, then U = 
Y\Y n V{h). We have an exact sequence 

H;;^XY n v(/i)) ^ Kiu) h;,.uy) — (1.102) 

By Theorem A, both the cohomology to the right and the cohomology to 
the left vanish for r - 1 < - A; - 1. Thus H^{U) = 0, r < N - k. 

Let t > 1, consider the natural projection P'^\A — > P^~*, where A := 
V{at, . . . ,a]y). It maps U onto U' with fibres A*. Thus 

H^^{U) ^ H'~^\U'){-t). (1.103) 

for all r. The case t = applied to U' C P^"* gives us H^-^\U') = for 
r-2t<N-t-k, thus H^^iU) = ior r < N - k + t. 

□ 

In the previous section we introduced the notion of graph hypersurface. By 
Corollary 11.2.41 a graph hypersurface X is always defined over Z. In the 
etale case we work with H^{X ^^Q, Q^). We write H^{X) for this kipping in 
mind that we have Gal{Q/Q) acting on this Q^-vector spaces. This action 
will distinguish Qe{—i) from Qe{~j) for i 7^ j- Finally, for Betti cohomology 
we write H'{X) for H'{X C, Q). 
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2.1 ZZ^ 



Here we are going to compute the middle dimensional cohomology of the 
graph hypersurface for the graph ZZ^ in all details. 

Recall that ZZ^ is a primitively divergent graph and the smallest graph in 
the zigzag series (see, for example, [BrKrj . sect. 1) which is not isomorphic 
to a WSn graph for some n. 
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In the way it was done in Example 11.2.51 we build a matrix Mzz^X"^)-, and 
then, changing the variables, we come to the matrix 









( Bo 










A5 \ 








Ao 


Bi 










M ■ = 


MzzM.B) = 







Ar 


c-. 


A2 


A, 
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Bs 


A3 








V ^5 





A, 


A3 


B4 J 


with variables Aq, . 


■ ■ 1 Bq, Bi, 


B 


3, B4 


and 









(2.1) 



Co 



A1 + A2- Ai. 



(2.2) 



This dependent C2 is a main problem for translating the technics of the 
case of WSn (see |BEK] . sect. 11) to the ZZ^ case. Define the hypersurface 



28 



CHAPTER 2. GZZ 



29 



associated to the graph ZZ^: 

X := V(detM) C (2.3) 

We will work in F^{Ao : . . . : : Bq : Bi : B3 : B4). Similarly to 
notation in Chapter 1, the projective scheme corresponding to the finite 
set of homogeneous polynomials /i, . . . , will be denoted by V(/i, . . . , fk). 
Sometimes we will write V(/i, . . . , fkY'^^ to indicate that we consider the 
variety in P^. We use the term variety for reduced (but not necessary 
irreducible) schemes. We define H^rimi^) = coker (i7*(P^) — > H*{X)) 
for a subvariety X C P^. 

Theorem 2.1.1 

Let X C P^ be the hypersurface associated to ZZ^, then 

Hl„^{ZZ,) = Q(-2). (2.4) 
Proof. The variety X is defined by the equation Is = 0. We write 

h = IaBa - ^4, (2.5) 



where 



and 



G4 = G'^+Alh - 2AsAM2 - 2A,A,Ss = 

+ Alh - 2A3A4A2I2 - 2A3A5A2A1A0 



= AlBsh + 2^4^5^352 + Ap. 



2rl 
5-^3 

AlB^h + 2A4A553A1A0 + Alll 
see f ll.lSp and f ll.l4p . By (12. Sp . Is is linear in the variable i?4. Consider 

F:=V(/5,/4)cP^. (2.8) 

The variety Y is closed in X and one has the localization sequence 

^ Hl{X\Y) H^{X) H^{Y) ^ H^AX\Y) . (2.9) 

Let Pi = (0, ...,0, 1) C P^ be the point where all the variables but B4 are 
zero. We project from Pi and get an isomorphism 

X\Y = F^\V{h). (2.10) 

Note that J4 is independent of Ar, and A^, thus we can apply Theorem B 
to P^V(/4) (X = 8, = 0, t = 2) and get Wi¥\V{h)) = for i < 10. 



(2.6) 



(2.7) 
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The isomorphism (12.1 OP imphes the vanishing H^{X\Y) = for i < 10. 
Substituting this into the sequence (12.91) . we get an isomorphism 

H^{X) = H^{Y). (2.11) 

By (12.51) . we can rewrite 

Y = Vih,GiY^l (2.12) 

The superscript means that this is a subscheme in P^. We will use the same 
notation without superscript for the variety after forgetting B^. Both the 
polynomials do not depend on B4. Applying theorem A {N = 9, k = 2, 
t = 1), we get 

H\Y) ^ H'^(Y){-1), (2.13) 

where Y := V(/4, G4) C P^(no B4). Together with fl2TTl) and (12:T2D . this 
implies 

H\X) = H\Y){-1). (2.14) 
Define V,U C F\no B4) by 

V = V(/4, /3, ^4) and U := V{h, G^)\V. (2.15) 

We can write an exact sequence 

— > Hl{U) — > H%Y) — y H%V) — > Hl{U) — > . (2.16) 



Lemma 2.1.2 

One has Hi{U) = for i < 8. 

Proof. U is defined by the following system 

{^;;°-«^ (2.17) 

We have studied such schemes in Section 1.1 (see ll.33( ). By Theorem 11.1.71 
we have an isomorphism 

U2:=V{h)\V{h,h)cF'{noB^,As). (2.18) 

Using 

74 = 53/3-^2/2 (2.19) 

and projecting from the point P3 G where all variables but B3 are zero, 
we get 

U2 = P^/3. (2.20) 
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C2 = A1+A2- A4 



(2.21) 



One has 

Bo Ao 
J3= Ao Bi Ai 
Ai C2 

After a linear change of coordinates, we can assume that /s does not depend 
on Ai and A^. The Theorem B {N = 6, = 0, T = 2) imphes 



Hi{U) ^ HiiF^XVih)) =0 for z < 8. 



(2.22) 



From the sequence (12.161) we now obtain an isomorphism 

H%Y) = H^{V). 
Combining this with (12.141) . one has 

H\X) ^ H%V){-1). 
Remember that V lives in (no B4) and is defined by 



□ 



(2.23) 



(2.24) 



(2.25) 



Theorem 11.1.51 imphes that G4 is independent of A^ on V. Define G4 
G4 U3=o as in (12.71) . One has 



V = V{h,l3,G',)cF\noB4). 



(2.26) 



Applying Theorem A {N = 8, k = 3, t = 1) for the last variety, the defining 
equations of which are independent of A3, we obtain 



H%V)^ H\V){-1), 



with 



V = V{h,h,G',)cF\noB,,A,). 
We combine this with (12.241) and get 

H^{X) = H\V){-2). 

The next step is to get rid of -B3. Define 



:= Al 



Bo Ao 
Ao 5i 



2A4A5 



Ao 
Bi 



Bi Al 
Al C2 



(2.27) 
(2.28) 

(2.29) 
(2.30) 



CHAPTER 2. GZZ 



32 



We have the following equality 



6*4 = AIBs 



Bo Ao 
Ao Bi 



2A^MB^ 

Bi Ai 
Ai C2 



Ao 
Bi A, 



+ 



B, - AiB, = B,G, - AiAlB,. (2.31) 



So, one has 

V = V{h, h, G',) = V{B^h - Alh, h, BsGs - AjAlB,] 



V{h, A2I2, - MAiB^). (2.32) 



Set 



W:=Vn V{Gs) = V(/3, A2I2, Gs, A^A.B,) c (2.33) 
with all the polynomials to the right independent of B^. We have an exact 



sequence 



H\W) Htiy\W) ^ H^^^iy) ^ H'^„^{W) 

7/ 



We apply theorem A {N = 7 , k = A, t = I) to W C. P^(no ^4, ^3) and get 



(2.34) 



H\W) = Q and H'{W) = Hl^^{W){-l) 



with 



W = V(/3, Gg, A2A5S1) C P^(no S4, A4, S3). 
Substituting this in (12.341) . we get 

^ Ht{V\W) ^ <,^(\/) - Hl,^{W){-l) ^ . 

Now we show that H^^^^iW) also vanishes. 

Consider the subvariety W fl V{A2) C W and an exact sequence 



(2.35) 
(2.36) 

(2.37) 



(2.38) 



H^{w n v(A2)) ^ iy,2(vr\vr n v{A2)) 

^prim ( 

We write 

W n V(A2) = V(/3, A2/2, G3, A2A551, A2) = V(/3, G3, A2) C P^ (2.39) 
Theorem A{N = 6,k = 3,t = 0) implies 

H;,UwnviA2)) = o, i<2. 



(2.40) 
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The sequence (12.381) gives us 



H',^iw)^H!iw\wnviA2)). 



(2.41) 



The scheme W\W n V{A2) is defined by 



h = A2I2 = 

Gg = A2A5B1 = ^ 
^2 7^0 



h = l2 = 

Gs = A,B, = 

^2 7^0. 



(2.42) 



Now define S,T G F^{no B^, A^, B3) by 

S = V{h,l2,Gs,A,B,) 
and T = n V(v42). For these varieties we have an exact sequence 

^ H\S) ^ H\T) ^ if,2(iy\iy n ViA^)) i/,'„^(5) 
Note that the polynomial 



G. = A^, 



Bo Ao 
Ao Br 



2A4A5 



^0 
Bi A, 



Bi A, 
Ai G2 



(2.43) 



(2.44) 



(2.45) 



is of the same shape as Gn studied in sect. 1.1, and by the Theorem 11.1.51 
G3 loses first two summands on S. Thus, 

S = V(/3, /2, Gg, A,B,) = V(/3, /2, Al{B^C2 - A\), A,B,) = 

V{G2h - AlBo, h, A,A,, AM = V{A^Bo, h, A,A^, A,B,). (2.46) 

We see that S is defined by the equations all independent of A2 and A4. 
Theorem A {N = 6, k = 4, t = 2) implies 

H;„^iS) = 0, for z < 4. (2.47) 

Let us look closely at T. By ( ]2.46p . we have 

T = SnV{A2) = V{AiBo, I2, A,Au A^i, ^2) C P^(no B^, A,, B,). (2.48) 

The defining polynomials do not depend on A4, and Theorem A {N = 6, 
= 5, t = 1) implies 



prim 



(T) = 0, for i < 2. 



(2.49) 
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By f l2.47p and (12.491) . the sequence (12.44p implies the vanishing 

H^{W\W n V{A2)) = 0. (2.50) 
Hence, (12^291) . fl237l) and (1214111 yield an isomorphism 

i/«_(X) = H'^„^{V){-2) = H^{V\W){-2). (2.51) 
The subscheme V\W C P^(no -B4, A3) is defined by 

Is = A2I2 = 

^3^3-^2^251=0 (2.52) 
Ga^O. 

We solve the middle equation on B^. Projecting from the point where all 
the coordinates but B3 are zero, one gets an isomorphism 

V\W ^ Y\Y n V(G3) (2.53) 

for Y = V(/3, A2/2) C P^(no 54,^43,53). Consider the exact sequence 

^ H%Y) H'{YnV{Gs)) ^ H',{Y\YnV{Gs)) ^ i/,^,„(F) . (2.54) 

The equations of Y do not depend on A^. Applying Theorem A [N = 6, 
k = 2, t = 1), we obtain 

HlrimiY) = for z < 5. (2.55) 
Then the sequence f l2.54p implies 

H^iY\Y n V(G3)) = H^Y n ViGs)). (2.56) 
Comparing this with (]2.5ip and (12. 53^ . one gets 

if«„„(X) = H^iV\W)i-2) = H\Y n V(G3))(-2). (2.57) 
Consider the subvariety 

:= V(/3, /2, G3) C V(/3, A2/2, G3) = F n V(G3) C (2.58) 
One has an exact sequence 

^ Hl,^{Y,) ^ if,3(r n v(G3)\ri) - if^(r n v(G3)) - h\y,) ^ . 

(2.59) 
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Theorem 11.1.51 applied to on Yi allows us to rewrite Yi C P^(no B4, A3, 
B3) as 

Fi = V(/3, 12, G3) = V(/2, A^Bo, A,{B,G2 - Aj)). (2.60) 

After the change of the variables G2 '■= A2, the defining equations of Yi 
become independent of A4. Applying Theorem A{N = 6, = 3, t = 1) to 
Yi, we get 

H\Yi) =0 for i < 4. (2.61) 
The sequence (12.591) gives us 

H\Y n V(G'3)) = H^{Y n V(G3)\Fi). (2.62) 

The scheme to the right Y n V{G3)\Yi C P^(no B^^A^^B^) is defined by 

h = A2I2 = ( G2I2 - AlBo = A2 = 

G3 = 0^ I Alh + 2A4A5A0A1 + Al{BiG2 -Al) = {] (2.63) 
/2 7^ [ /2 ^ 0. 

By Corollary [m 

G3/2 = (^44/2 + A^A^A^f =: Ul (2.64) 
on r n V(G3)\Yi, thus G3 = implies 

^4 = 1^^. (2.65) 

-'2 

Furthermore, solving the first equation of f l2.63p on C2, we get 

C,^A,-A,^^ « A^^^^lh^. (2.66) 

-(2 -'2 

By fl235|) and (I236D . it follows that 

Aj2-AlB^ = -A^A^A^. (2.67) 

on Fn V(G3)\Fi. 

We project from the point where the all the coordinates but A^ are zero 
and forgetting ^42, which is zero on F fl V(G3)\Y'i, we get an isomorphism 

Y n V(G'3)\Yi = R\Z, (2.68) 

where R, Z cf"^ (no -B4, ^3, B3, A4, A2) are defined by 

R := V{Ail2 + A^AoA, - AfBo) (2.69) 
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and Z ■=Rn V^h)- By (12371) and (l232ll . one gets 

=^'(>^ n V(G3))(-2) = ^ 
n V(G3)\Fi)(-2) - H!iR\Z)i-2). 

The last step of the proof is the following. 

Lemma 2.1.3 

We have H^{R\Z) = g(0). 

Proof. The variety R is defined by the equation 

A.h + A.AoA, - AjBo = A,{h + AqA, - A,Bo) = 0. (2.71) 
Consider the Mayer- Vietoris sequence for R\Z: 

H',{V{A,)\ViA^, h)) © Hl{R,\Z,) Hl{V{A,) n i?A^i) - ,^ . 

with ZiCRiC RC F^{Ao : Ai : A5 : Bq : Bi) defined by 

i?i = V(/2 + - A5o) (2.73) 

and Zi = i?i n V(/2). Theorem B {N = A, k = 1, t = 0) implies 

H^^{R^\Z^)=0. (2.74) 

We prove that H^{Ri\Zi) also vanishes. One has an exact sequence 

HprimiRi) Hp^imiZi) H^{Ri\Zi) (Ri) -> . (2.75) 

The leftmost term vanishes because -Ri C is a hypersurface. To compute 
1), we write the following exact sequence 



H^p„miRi n v(Ao)) ^h!{r,\Ri n v(Ao)) 

H\Ri) H%RinV{Ao)) — 

Since 

R, n V(Ao) = ViBoB, -Al + AoA, - A,Bo, Ao) = 

V{Ao,Bo{B,-A,)Y'\ 



(2.76) 



(2.77) 



the defining polynomials are independent of A^. Applying Theorem A {N = 
4, A; = 2, t = 1), we get H^„miRi n V{Ao)) = and 

H\R, n V{Ao)) = H\V{Ao, Bo{B, - Ai)))(-1) (2.78) 
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with the variety to the right hving in P^(y4o : Ai : Bq : Bi). But this variety 
is just the union of two hues intersected at one point and has trivial first 
cohomology group. Thus 

H\R^ n V(Ao)) = H\V{A^, Bo{B, - A{)t'^) = 0, (2.79) 

and the sequence (12.761) imphes an isomorphism 

H\Ri) = H!{Ri\Ri n V{Ao)). (2.80) 

The scheme Ri\Ri n V{Ao) C F\Ao : Ai : A^ : Bo : Bi) is defined by 

BoB, ~Al + AoA, - A^Bo = 

(2. oil 

Projecting from the point where all the variables but A^ are zero ( and 
solving the first equation of the system on A^), we get an isomorphism 

Ri\Ri n V{Ao) = P^V(Ao) = A\ (2.82) 

Hence, 

H!{Ri\Ri^^i^o))=0. (2.83) 
Together with ([230]), this simplifies fl2T5D to 

H^ARi\Zi) = K.rniZi)- (2.84) 

Now, 

Z, = R,n Vih) = ViBoB, - Al, AoA, - AM C F\ (2.85) 
Consider 

Z, n V(5o) = V(5o, Al, AoA,) = V{Ao, B^) = P V (2.86) 
One has an exact sequence 

H\¥^) ^ Hl{Z,\Zi n V(i?o)) - Hl„^{Z,) ^ i/J,„(P^) ^ . (2.87) 
Thus, we have an isomorphism 

Hl„^{Z,) = HliZAZ, n V(i?o)). (2.88) 



CHAPTER 2. GZZ 38 
The scheme Zi\Zi fl V(-Bo) is defined by the following system: 



BoB, -Al = 
A0A5 - AiBo = ^ 
Bo^O 



B, = ^ 
Bo 

_ A0A5 (2.89) 



Set 

£ = (0 : : : : 5i) C P^(Ao : : A5 : : Si). (2.90) 
The projection 

77 : F\i — > ¥\Ao : A^ : Sq) (2.91) 
from the line i gives an isomorphism 

Zi\Zi n V(fio) = P^V(5o) = (2.92) 

Thus, together with (IXSSj) and (IXSD . we get 

HliRAZi) = Hl„^{Z{) = HliZAZi n V(i?o)) = 0. (2.93) 

Return now to the sequence (12.721) . The defining polynomials of 

V(Ai)\V(A, h) C P^(Ao, Ai, A5, 5o, B,) (2.94) 

are independent of A^, Theorem B {N = 4, k = 1, t = 1) implies 

HiiViA,)\V{A^,I2)) = for z < 4. (2.95) 

By fl2:93|) and (12^1) . the sequence fl2T2|) gives us 

Hl{R\Z) = H^{V{Ai) n i?i\Zi). (2.96) 

The variety V{Ai) n Ri\Zi is defined by 

h + A0A5 - AiBo = 

Ai = ^ { Ai = (2.97) 

Define S,T C F^{Ao : A^ : Bo : Bi) by 




S:=BoB^-Al + AoA,, 
T := SnV{BoBi-Al). 



(2.98) 
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We get an isomorphism (forgetting Ai) 

V(Ai) n Ri\Zi = S\T. (2.99) 

We have to compute 

H^{V{Ai) n Ri\Zi) ^ H^,{S\T). (2.100) 

The exact sequence 

^ H\T) H'AS\T) Hl„„iS) (2.101) 
and stratification further gives us only 

Q(0) Hl{S\T) Q(-l) — (2.102) 

so we must compute H^{S\T) directly. 

The variety S C P^(Ao : A^ : Bq : Bi) is a quadric which is smooth. Up 
to a change of variables S is the image of Segre imbedding. More precisely, 
S = Im{'y) for 

7 : X p3 : (a : b), {c : d) ^ {ac : ac - bd : ad : be). (2.103) 

Now, T C S C P^ is defined by 

T:=Sn V{BoBi - Al) = V{AoA,, B^B^ - Al). (2.104) 

So T is a union of 3 components T = £i U £2 U £3, where ^1 and £2 coincide 
with the lines 7({oo} x P-*^) and 7(P"'^ x {00}) respectively, and £3 is a zero 
of a nontrivial section of (9(1, 1). Now, 

S\{1^ U £2) = P^ X pi \ (pi X {00} U {00} X pi) = (2.105) 

has affine coordinates 6, d and then £3 fl has defining ideal 1 — bd, so is 
isomorphic to G^. Thus we get 

= A2\G„. (2.106) 
Since Gm is closed in A^, we can consider an exact sequence 

^ Hl{K') Hl{G^) H',{S\T) H'^{A') . (2.107) 
Now it follows that 

H^AS\T) = HliGJ = Q(0). (2.108) 
By (I236D, fl2A00D and flCTS]) . we get 

Q(0) ^ H^{S\T) = H^{V{Ai) n Ri\Zi) = Hl{R\Z). (2.109) 

□ 
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The isomorphism f l2.70p now yields the desired 

<,„(X) = H!iR\Z){-2) = Q(-2). (2.110) 
This concludes the proof. 

□ 



CHAPTER 2. GZZ 



41 



2.2 Generalized zigzag graphs 

Definition 2.2.1 

Fix some t > 1 and consider a set V{r) oi t + 2 vertexes Ui, 1 < i < t + 2. 
Define p{ui, . . . , to be the set of t+1 edges Wj+i), 1 < i < Let 
E{r) := p{ui, . . . ,'Uf+2)- Now choose some positive integers /j for 1 < i < t 
with /i > 2 and It > 2. For each i, 1 < i < t, we add /j — 1 new vertexes 
Vij, 1 < J < - 1, and k new edges p{ui,Va, . . . ,Vii^_i,Ui+2), and ^ - 1 
edges {vij,Ui-^-i), 1 < j < h — 1- Finally, we add an edge {ui,Ut+2)- We 
call the constructed graph F = {V{r), E(r)) the generalized zigzag graph 
GZZ{h,...,lt). 

For GZZ{li, . . . , /f) we define n = l+^*=i k- The graph GZZ{li, . . . ,lt) has 
n+1 vertexes, 2n edges and the Betti number equals n. Thus GZZ{li, . . . ,lt) 
is a logarithmically divergent graph. 

Example 2.2.2 

The graph GZZ{3, 2, 3, 4) looks hke 




Example 2.2.3 

The wheel with spokes graph WSn is isomorphic to the generalized zigzag 
graph GZZ{n - 1) , n > 3. 

Example 2.2.4 

The zigzag graph ZZ^ is isomorphic to the GZZ(2, 1, . . . , 1, 2) (with n — 5 
I's in the middle) for n > 5. 

Theorem 2.2.5 

A generalized zigzag graph F = GZZ{li, . . . ,lt) is primitively log divergent. 
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Proof. We need to prove that for any subgraph F' C F the inequahty 
|£'(F')| > 2/ii(F') holds, which means that F' is not logarithmically diver- 
gent. We do not distinguish between a graph and it's set of edges. Because 
our graph F is planar, it partitions the plain into exactly hi + 1 pieces. This 
is a good way to compute hi. We will call the loops of length 3 simple 
loops. We can order the simple loops from the the right bottom corner to 
the left top keeping in mind the drawing like in Example 12.2.21 Formally, 
let Ai = ti2, fii. Ml) and for each i we define the next simple loop 
Aj_|_i to be a simple loop which has a common edge with Aj but was not 
already labeled. Define Fq := T\{ui,Ut+2)- The main point of the proof is 
the following. The graph Fq is a strip of A's, for each i, 1 < i < k, we can 
cut this strip along {ui,Ui+i), turn over one piece and glue along the same 
edge. Denote this operation by 0,. This gives a map 

0:=0to...o02:ro-^fo, (2.111) 

where Fq is isomorphic to WSn without one boundary edge; this graph is 
topologically the same as a half of WSn, we denote it by hWSn- Note that 
the maps (pi and are the isomorphisms between sets of edges of the graphs 
in the described way. On some vertexes this map is not single-valued. For 
the Example 12.2.21 we have the following Fq = hWSi^, 




The vertex Ui under described operations goes to u[_i, or u[, or u' depending 
on the edge that we take. We can label the simple loops of hWSn from the 
right to the left by Ai, . . . , A„_i, these are the images of A's 

4>{Ai) = A,. (2.112) 

Each (pi preserves loops; this means that a subgraph 7 C (pi-i . . . 02 (r) is a 
loop if and only if 0i(7) is a loop of the same length. Thus this condition 
holds for 0. It follows that Fq and hWSn have the same Betti numbers. 
Moreover, for each subgraph Fq C Fq we have 



hi{T'^ = h{(P{T^)). 



(2.113) 
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To involve the "special" edge {ui,Ut+2) into consideration, note that if the 
graph Fq is disconnected and we have no path p'{ui, . . . ,Ut+i) with end- 
points Ml and Ut+i, then the adding of {ui,Ut+2) doesn't change the Betti 
number; otherwise this increases the number by one. 

^^ f KK), p\ui,...,Ut+2) 

MroUK,..,0) = |,(r[;) + i, otherwise. ^'-'"'^ 

This proves that we can extend the map to 

(p-.T — (2.115) 

which maps our graph to F; this graph is nothing but Fq = hWSn com- 
pactified by adding the missing boundary edge and is isomorphic to WSn- 
The map satisfies the same condition as in f l2.113p . For the example of 
hWSis above, we add the edge {ui,uq) on the drawing and get WS13. 

It remains to prove that WSn is primitively divergent. We label the spokes 
by Oj, and any other edge that has common vertexes with Oj and Oj+i (the 
indices modulo n) for some i is denoted by bi. Take a subgraph F' C 
WSn and assume that WSn\T' has p 6-edges and q a-edges. Let F by an 
intermediate graph which we get from WSn after removing this p a's. This 
graph F is a disjoint union of p graphs Fj isomorphic to hWS^ for some 
rii < 1 and I < i < p, assuming hWSi and hWS2 to be an edge and a 
triangle respectively. It follows that 

h{n = ^h{r:) (2.116) 

1=1 

for any subgraph F" C F and F-' = Fj fl F", 1 < i < p. 

To get the initial subgraph F' C F C WSn we need to drop q 6's. Assume 
that we drop 6's in Fj and get F- = hWS'^. for 1 < i < p. One can easily 
compute 

hihWSnJ - hihWS'J = ^' fj^ = (2.117) 

I gj, otherwise. 

Assume that we have pi i's with the upper assumption, pi < p. Taking the 
sum over all i, we get 

hi{T) - hiT' = q - pi. (2.118) 

Now we recall that F is the WSn without p a's. Each dropping of a-edge 
decreases the Betti number by one. Thus, 



h{T)~p. 



(2.119) 
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Together with (12.1181) . this gives us 

hiV) - p - q + p,. (2.120) 

Now we can compute 

2hi{r')-\E{r')\ = 2{n-p-q+pi)-{2n-p-q) = -p-q+2pi < (2.121) 

since pi < p hj definition, and pi < q since each of pi i's gives us some 
qi = ni 0. The equahty can hold only when qi = Ui = 1, p = pi, but this 
means that all edges are dropped. This concludes the proof. 

□ 

Let X C p27i-i ^ graph hypersurface. We consider the middle di- 
mensional Betti cohomology H"^'^'^{X) = if^"~^(X). By Deligne's theory 
of MHS ( |De2j . |De3j ). there is a Q-mixed Hodge structure associated 
to if™*'^(X). We try to study the graded pieces of weight filtration W: 
grf'(i72n-2(x)), 0<i<2n~2. 

Theorem 2.2.6 

For the hypersurface X associated to a generahzed zigzag graph 
GZZ[li, . . . ,lt), one has an inclusion 

grf (i7™'^(X)) = Wi{H"''\X)) = W5{H'^''^{X)) ^ Q(-2). (2.122) 

Proof. Denote GZZ{li, . . . ,lt) by F. We consider the case when t is even 
and start with labeling of edges and choosing orientations. For simplicity, 
let uq := and 

i 

m := ^ Ij, for l<i<t. (2.123) 

i=i 

For each i, I < i < t, define e„^_-^+i := (wj+i, Uj) for odd i and e„^_-^+i : = 
{ui, Mj+i) for even i, 

_ \ {ui+i,Vij^i) for 2<j<k, i odd, to ^0A\ 

e-m^i+j •— < , . r r, ^ ■ ^ 7 ■ (Z.iZ4j 

I (t>jj_i, Mj+ij tor 2 < J < li, t even. 

Together with 6^+1 := {ut+2,Ut+i) for even t and Cnt+i := {ut+i,Ut+2) for 
odd t, these are the first rit + 1 =: n edges. Now, for each i, I < i < t, 
define e„+„,_^+i := {vii,Ui), 

Cn+m.^+j ■= {vij, %-i), for 2<j<li- 1, (2.125) 
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and Cn+n.^i+h '■— iui+2,Vii^-i). Roughly speaking, all edges are oriented 
from the left top corner to the right bottom and from the right top corner 
to the left bottom corner. Define e2n '■= {ui,Ut+2)- 
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-1 



































1 





13 


1 















































1 


1 











1 
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1 


1 



For building the table, we take the small loops from right bottom corner 
of the drawing to the left top corner, and the last loop to be chosen is the 
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loop with the edge {ui,Ut+2)- Because of lack of space, we draw the table 
for the graph in Example I2.2.2I 

Now we take 2n variables Ti, . . . , and build a matrix M{T) as the sum 
of elementary matrices (see Section 2, Chapter 1). After a change of the 
coordinates similar to the case of ZZ^, we get the matrix 



M, 



GZZ 



Bo 


Ao 
































Ai7 \ 


Ao 


Bi 


Ai 



































Ai 


B2 


A2 



































A2 


Cz 


A3 























A16 











As 


Ca 


A4 




















Ais 














A4 


B5 


As 



































As 


Be 


As 



































As 


B-j 


At 



































At 


Cs 


As 








Ai4 


























As 


C9 


Ag 





A13 





























A9 


Cio 


Alo 


A12 
































Aio 


B12 


All 


Ai7 








Ai6 


Al5 











Am 


Al3 


A12 


All 


B12 / 



. (2.126) 



The A's appear in the last row in the zero column and in the columns 
Hi + j — 1 for all i ^ t mod 2 , 1 < i < t, and all 1 < j < /«. In the same 
columns (but and n — 2) we have C"s in the main diagonal. This C"s are 
defined by 



k ■- 



Av + ^fc-i Ais, 
Av ~ Ak-i — v4fc, 
Av — ^fc-i + Aj., 
Av + + Ak, 



hji+i > l,i 7^ 0, 
ki+j, 1 < j < h+i - 2, 

ki, h+i = 1, 



(2.127) 



where i mod 2, and A^ is always in the last row in the same column as 
Ck- Formally, if fcj + j — 1, then 



t-i 



V{k) - 2 + J2 + U+l 



(2.128) 



r=i+2 
r^t mod 2 



Sometimes we denote by Am the entry in the left bottom corner of Mgzz- 
For the case of odd t we can derive the tables and the matrices from the 
even case. Indeed, consider some F' = GZZ{li, . . . ,lt) with even t and let 
F be the graph which we get from F' after forgetting edges of simple loops 
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Ai,...,Ai^ (see Theorem 12.2.51 for definition), we assume that {u2,U3) re- 
mains, and we take {ut+2, U2) instead of {ut+2, ui). So, F = GZZ{l2, ...,/*). 
Constructing everything similar, the table for F is that for F' without first li 
rows. The matrix of F looks similar to that of F' with the same assumptions 
on A's in the last row and on C's. 

Consider the projective space p2"-i with coordinates all the Aj's and 
Bj^s appearing in the matrix and define 



where 



X := V{det{MGzz)) = V(4) C P^"-^ 
/•. : : \ 



M, 



GZZ 



\ 



Cn~3 


A„_3 


A 


An-3 


Bn-2 


A 


An-1 


An-2 


B 



n—l 
n-2 



(2.129) 



(2.130) 



71- 



1 / 



Since k > I, the entry a„_3„_3 is really not independent, thus C„_3. 

Step 1. For the closed subscheme V{In,In-i) C X we have the localization 



sequence 



fff-2(X\V(/„,/„_i)) - H'^'-^X) ^ 

H''^-'{V{In,In-l)) - H^''-\X\V{In,In-l)) 



We can write 



Bn-lln-l — Gn-l, 



(2.131) 



(2.132) 



where G„ is independent of Bn-i- Projecting from the point where all the 
variables but B^-i are zero, we get 



X\V(4,4„i) 



P' 



2n-2 



\v(/, 



n-lJ 



(2.133) 



Because is independent of An-2 and A^, Theorem B {N = 2n — 2, 
k = 0, t = 2) applied to the scheme on the right hand side of fl2.133p 
implies 

Hl{X\ViIn,In-l)) = if:(P'"-^V(/„_i)) = 

for i < 2n. The sequence (12.1311) implies an isomorphism 



H'^-'iX)=H'^-'{ViIn,In-l)). 



(2.134) 
(2.135) 



By fl27[32|) . one has 



V(/„,/„-i 



Viln-uGn-lf^'-'l 



(2.136) 
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Both polynomials to the right are independent of are independent of -Bn-i- 
Theorem A {N = 2n - 1, k = 2, t = 1) and fl2:T35D imply 

H^^-'iX) = /72-4(v(/„_,,G„,_i))(-l). (2.137) 

The variety to the right lives in P^'^~^(no Define the closed subscheme 

V^C V(/„_i,G„_i) by 

l>:= V(/„_i,4_2,G„_i) cP2"-2(no5„_i). (2.138) 

One has an exact sequence 

- HT-\V{In-i. Gn-,)\V) - /7"(V(/„-l, G„_i)) - 

H^n-\V) ^ -3^V(/„-i, Gn-i)\V) ^ 

The polynomial J„_i is independent of An-2 and the coefficient of A\_2 in 
Gn-i is By Theorem 11.1.71 we have 

V(4_i,G'„_i)\l> ^ V(/„_i)\V(/„„i,/„„2) c P2"-3(^Q A„_2). 

(2.140) 

The polynomials J„_2 and /„_i are independent of and Am- Applying 

Theorem B {N = 2n — 3, k = 1, t = 2), we get 

Hi{V{In-i, Gn-l)\V) ^ if^(V(/„„i)\V(4_i, 4_2)) = (2.141) 

for z < 2r;, — 3. The sequence (12.1391) yields 

ij2"-4(v(4_i, G„_i)) ^ H''^-\V). (2.142) 

By the Theorem ll.l.5[ the polynomial Gn-i is independent of An-2 on V. 
Thus, V is defined by the vanishing of three polynomials that are indepen- 
dent of An-2- Applying the Theorem A {N = 2n — 2, k = 3,t = 1), we 
get 

H^n-i(V) ^ H^''-%V){-1), (2.143) 
where the variety on the right hand side is defined by 

V := V{In-uIn-2,G'^_,) C ¥^^~^{no Bn-uAn-l) (2.144) 

and 

G;_i:=G„_iU„_,=o. (2.145) 
Combining (|27[37I) . (ICT2D and flCTSD . we get 

H^^'-^X) = /72"-6(\/)(-2). (2.146) 
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Step 2. Now we get rid of -B„_2. We can write 

G'n-i = Bn-2Gn-2 — ^-^Gn-Z-, (2.147) 

where G„_2 and Gn-z are considered to be polynomials of variables . . . ,Ar, 
and ■ ■ ■ , A^ with "coefficients" from the matrices /„_2 and /„_3 respec- 
tively. The decomposition follows from the fact that each coefficient of G'^_^ 
is a factor of some for < j < n — 2, and the 3-diagonal matrix 

has the right bottom entry Bn-2- Define the variety T'„_2 C F by 



.n-3,___ . . ^ (2-148) 



t„_2 := n V(G'„_2) = 

Gn-2,A^_sG^_s)) C P^"-^(no B^_^,A^_,). 

One has an exact sequence 

H'^-'{f) Hl^~\V\f) HX%V) ^ H^^f) . (2.149) 

Since the defining polynomials of T are independent of i?„_2, we apply 
Theorem A {N = 2n — 3, k = i, t = 1) and get 

Hl--\V\f) HX'iV) - H';^r^\T){-l) (2.150) 

for T C p2"-4 (no -B„_i, A„_2 and Bn-2) defined by the same equations as 
T. Applying the exact functors gr ^ to the sequence above, we obtain 

S^TH';!r^%V) = gTf'H'j^-\V\f), t = 0,l. (2.151) 
The subscheme V\T C F is defined by the system 

5,_2G',_2 - A2_3G„_3 = (2.152) 

Gn-2 7^ 0. 

Projecting from the point where all the variables but Bn-2 are zero and 
solving the middle equation on Bn-2, we get an isomorphism 



(2.153) 



V\f ^ V{In-2, An-3ln-3)\ViIn-2, A„_34-3, Gn-2) 

=: C/i C F^^-\ no An-2, Bn-2). 
One has an exact sequence 

H^^-\V{In-2,An-3ln-3)) ^ i/'"-'(V(/„„2, ^,-2)) ^ 

H^^-%U,) ^ HX'iWn-2: An-sln-s)) - ■ (2-154) 
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The variety V(/n-2, ^n-s-^^n-s) C p2n-4 defined by the polynomials that 
are independent of Am- Theorem A {N = 2n — 4, k = 2, t = 1) implies 
the vanishing of the rightmost and the leftmost terms, and the sequence 
simplifies to 

H^^^~%U,) = if2"-^(V(/„_2, An-3ln-3, G^^s))- (2.155) 

Define S, C V(4_2, A^-s/n-s, G„_2) C P^"-^ by 

V(/„_2,/n-3,G„_2) (2.156) 

and U2 := V(/„_2, ^n-s-^n-s, G'„_2)\'S'. One has an exact sequence 

The only appearance of A„_3 in the polynomials defining 5* is in Gn~2, 
namely in Gn-3- After a linear change of the variables we may assume that 
Cn-3 = An-3 is independent. Furthermore, the same argument as for V at 
step 1 (see (l27[38il and flCTHD ) gives us 

ff2n-7^g^ ^ H^''~\S){-1) (2.158) 

with 

S := V{In-2, In-3, G^^) C P'"-'( UO A„_2, 5„_2, A„_i) (2.159) 

and H'^rimi^) — 0- The sequence (12.1571) simplifies to 



prvm 

HT-'{U2) ^ if2"-^(V(/„„2, An-3/n-3,G'„_2)) 

^2„~9(5)(_^) — 



(2-160) 



Applying the functors grj^ for the sequence, by fl2.15ip . fl2.153p . fl2.155p 
and fl2:T60D . we get 

grYHl:r^{V)^gvYHl-\U,) for z = 0,1. (2.161) 

Now, the scheme U2 is defined by the system 

In~2 = Gn-2 = 

^n-34-3 = ^ { An-3 = 0. (2.162) 

4^3 7^ 




CHAPTER 2. GZZ 



51 



Eliminating Ans, which is zero on U2, we get an isomorphism 

U2 = U'^ (2.163) 
with U'2 C p2»i-5 (^j^Q Bn-i, An-2, Bn-2, ^n-s) defined by the system 

IL2 = 

= (2.164) 

In-3 ^ 0, 

where primes mean that we set A„_3 = in the polynomials, namely in 
Cn-3- Now we write 

= ^n-l ± (2.165) 

with "+" only when an-An-A, = -Sn-4 in the matrix. 

Such schemes U2 were studied in the first chapter of Chapeter 1 (see 
(11.331) and (I1.36P ). It follows that U2 is defined by the system 

C'^_^In-3 — Al^_^In-i = 

Ltn-2 = (2.166) 

/n-3 7^ 

with 

Lin-2 := An-l/n-3 + J]] ("l )'^"~'^-(.) (s, - 3) = 



ri-4 



An-lln~3 + 5^(-l)^+"-^ A(,)J, H Ak. 



(2.167) 



k=s 



The sum goes over all Sj+j — 1 < n—3, i ^ t mod 2, 1 < i < t, 1 < j < /j, so 
over all ; 
formula 



over all s < n — 3 such that ass = Cg- It is convenient to use the recurrence 



J. . 1 A^(^s)Is ~ Ag^lLig, Cts+ls + l — Cs+l; , ^^o\ 

- \ AT- _ D (2.i6«j 

— /is-l-l^is, CLs+ls + l — -Ds + 1- 

We can express A„_i from the second equation of the system (I2.166P and 
6*2 from the first one. 

An~l i An-A = C*„_3 = A'^_^In~A/ In~3 

An-1 = An-iLin-s/In-S (2.169) 
In-3 + 0. 
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These two expressions for An-i must be equal on f/g- We introduce the 
polynomials Nis defined by 

As-iNts = ±As-iIs + Al_Js-i - As-iLis. (2.170) 

Sometimes we can write Ni~ and Nif to indicate the sign taken in Nig. 
The natural projection from the point where all the variables but A^-i are 
zero induces an isomorphism 

U!, ^ Us := V(A„_4iV«„_3)\V(A„_4iV«„_3, In-3) (2.171) 

with U s livi ng in P ^"-6(no B^-i, A„_2, 5„_2, A„_3, A„_i). By ^MM, 
(12:1631) and (12T7T11 . 

grri^?.;n'(^)=grr^f-'(f/3) for ^ = 0,1. (2.172) 

We have two possibilities : 0^-4 n-4 = or an-in-i = Bn-4,- When 

the letter holds, go to Step 4 with Nins = Ni~_^] do the next step with 
Nin-3 = Ni^_s otherwise. 

Step 3. Suppose that the entry ass of Mqzz is Cg and a^+is+i = C^+i. This 
means that Ui < s < rii + li — 2 for some i ^t mod 2. This corresponds to 
the case s — 4 if we had come from Step 2. One has 

Cs = A,-As±As^i (2.173) 

with "+" only when as^is-i = Bs- We work in P^(no DVs) for 

= 2n - 1 - 2(n - 1 - s - 1) - 1 = 2s + 2, (2.174) 

and the Dropped Variables (DVs) are all the variables in I^-i-s but Ag. 
The thing to compute is H^^~^^{U) for U defined by 

U := V{Asms+i)\V{Asms+u Is+i), (2.175) 

where 

Nis+i = Is+i + Ash - Lis+i. (2.176) 
Define T, F C F'^'+^{no DVs) by 

r : = v(A.]V!,+„/.+i)- ■ 

One has an exact sequence 

- ^|;.„.(T) - H'/„JY) Hl^^\U) - i72^+i(T) ^ . (2.178) 
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Using f l2.173p . we rewrite 

Nis+i =Is+i + Asis - Lis+i = (A - As± As_i)Is- 

^l-Js-i + AJ, - AJs + As.iLis = (2.179) 
- ^„i(±/, + As-ils-i - Lis) = -As^iNis. 

and see that A^z^+i is actually independent of A^j and Ag. This allows us to 
apply Theorem A {N = 2s + 2, k = 1, t = 1) to T and get 

H;„miT)=0, z<2s + 2. (2.180) 

Thus, the sequence f l2.178p implies an isomorphism 

i^f +i(f/) - H'/„^{Y). (2.181) 

Define the sub variety Yi C F by 

fi := F n V(/,) = ViAsNis+u Is, As^iL-i). (2.182) 

The polynomial Nig-i is independent of A^ by fl2.179p . Applying Theorem 
A {N = 2s + 2, k = 3, t = 1) to Yi, we come to an exact sequence 

^ i/f (r\Fi) ^ H'/„^iY) ^ ^ (2.183) 

with Yi C P^'^"'"^(no -DKj, A^) defined by the same polynomials. The scheme 
Y\Yi is defined by the system 

A,A,_iNi, = 
Csis - ^Li^.-i = (2.184) 

By ( 12.1731) . we express A^ from the second equation. Projecting from the 
point where all the variables but A^ are zero, we get isomorphisms 

Y\Yi ^ R and H^'{Y\Yi) ^ H^'{R), (2.185) 

where R C P^*+^(no DVg, Ay) is given by the system 



AsAs-iNis = 



(2.186) 



Define i?i,i?2 C -R by 



and <^ ' (2.187) 
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One has the Mayer- Vietoris sequence 

Hl'{R) Hl'{R^) ® Hl'{R2) (2.188) 

with i?3 := _Rini?2- The defining polynomials of i?i and R2 are independent 
of As and Am respectively. Applying Theorem B {N = 2s + 1, k = 1, t = 1) 
to them, we get 

Hi{R^) = Hl{R2) = (2.189) 
for i < 2s + 1. The sequence fl2.188p implies an isomorphism 

H^'{R) = Hl'-\R^). (2.190) 

Now, i?3 C P^''+^(no DVs, Ay) is defined by the system 

As = As-iNis = , , 

2.191 

/. 7^ 0. ^ ^ 

Projecting from the point where all the variables but Ag are zero, we get 
isomorphisms 

i?3 = f/' and H^'-\R3) = H'^''\U') (2.192) 

for U' C p2'(no DVs, A, A^) defined by 

U' = ViAs.ims)\ViAs-ims, Is). (2.193) 

Collecting fl218B . (I2A83D . fl2:T85D (l2390|) and (123921) together, we obtain 
an exact sequence 

- - H'/^\U) - i/,^;-?(ri)(-l) (2.194) 

where U is defined by fl2.175p . Applying gr]^, one gets 

grf/Zf +i(f/) ^ grf i/f +i(t/'), « = 0, 1. (2.195) 

If s = 1, go to the Last Step. 

When we come to Step 3 with some s, Ui < s < 7ii + li — 2, i ^ t mod 2, we 
must apply this step s — — 1 times with Nis = Nif and then one more 
time with Nis = ■ After this, we are in a new situation. 

Step 4- Suppose that the entry ass of Mqzz is Bs and ag+is+i = C*s+i- This 
means that s = rii — 1 for some i ^ t mod 2. Denote by DVs the dropped 
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variables that are all the variables appearing in I^-i-s^ but Ag. Again, we 
have to compute Hl^^'^iU) for U C p2'^+2 defined by 

U := V(^iV^,+i)\V(^M,+i, (2.196) 

where 

Nis+i = -h+i + AJs - Lis+i. (2.197) 
Define closed subschemes Ui,U2 C U hj 



Ui: = V{As)\V{A,Is+i), 

t/2: = V(iVz,+0\V(iVz,+i,/,+i)- 



(2.198) 



This covering gives us an exact sequence 



Ht\U^) © iff (f/i) fff (f/s) 

Hl^+\U) — > Hl'+\U^) ® Hl'+\U{) 

(2.199) 

where f/3 := f/i fl f/2. The polynomials in the definition of Ui do not depend 
on Am- Theorem B [N = 2s + 2, = 1, t = 1) implies 

Hi{Ui) = for i < 2s + 2. (2.200) 

We rewrite 

Ni,+i = - Is+i + AJ, - Lis+i = -BJ, + Al_Js-i + AJ,+ 
As.iLis = {As - Bs)Is + Al_Js-i + As.iLis 

and see that Nis+i depends neither on Bg nor on Ag but on the difference 
Ag — Bs- After the change of variables Bg := Ag — Bg, the polynomial Ni g^i 
becomes independent of Ag. Applying Theorem B {N = 2s + 2, k = 1, 
t = 1), we get 

Hi{U2) = for z < 2s + 2. (2.202) 
Together with (12.2001) . the sequence (12.1991) gives an isomorphism 

H^'+\U) ^ i/f (f/3). (2.203) 

Now, f/3 C P^'^+^(no DVg) is given by the system 



(2.204) 
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We eliminate the variable Ag and consider the open U4 C P^*"'"^(no DVg, 
As) defined by the last two conditions, then 

H^'iUs) ^ Hl'iUi). (2.205) 

Define T, y C P^^+^no DVs, A^) by 



T: = V(/,+i + L2,+i), 

Y ■. = V {I S+1 + Li s+i, I s+i). 



(2.206) 



We can write an exact sequence 



^ H^^-\T) H'^'\Y) Hl\U,) HlU,^{T) . (2.207) 

Theorem A {N = 2s + 1, k = 1, t = 0) gives us the vanishing of the term 
to the left. Similar to f l2.20ip . one has 

+ Lts+i = Bsis - Al_Js-i - As-iLis. (2.208) 

Let fi be a subvariety of T C ¥^'+\no DVs, As) defined by 

fi := T n V(/,) = V(/„ Al_,Is-i + As-iUs). (2.209) 

We write an exact sequence 

i/f (r\ri) — > H',:,^iT) H%^{f,) . (2.210) 

The defining polynomials of Ti are independent of Bs. We apply Theorem 
A{N = 2s + l,k = 2,t = l) and get 

H%^{f,) = HX'iT,)i-l). (2.211) 

On T\Ti we can express Bs (see (12.2081) ) and get an isomorphism 

T\fi ^ P^'\V(/,) (2.212) 

with P^*(no DVs, As, Bs). The polynomial Is does not depend on A^, and 
Theorem B {N = 2s, k = 0, t = 1) yields 

Hi{¥^'\V{Is)) = for i < 2s + 1. (2.213) 

By (K2m and (K2m . the sequence (K2m simplifies to 

H%^{T) ^ i7^2s-2^fi)(-l) ^ . (2.214) 



CHAPTER 2. GZZ 57 
Applying gr^ , we get 

gi^H^^T) = gi^H^^T) = 0. (2.215) 

We return to the variety Y which is defined by 

Y := V{Is+i + Lis+i, Is+i) = V{Lis+i, Is+i) = 
V{As^iLi,,BJs-Al_Js-i). 

One can write an exact sequence 



(2.216) 



- K^{Y,) ^ Hf'\Y\Y,) H'^-\Y) H'^'\Y,) ^, (2.217) 
where Yi is the subvariety of F C P^*"^^(no DVg, As) defined by 

Yi:=Yn V{Is) = V{Is, A,„i/,_i). (2.218) 

The last three polynomials are independent of Bg] applying Theorem A 
{N = 2s + l, k = 3,t = 1), we get 

H^'-\Y^) ^ H^'~%Yi){-l) (2.219) 

and H'^^^^iYi) = 0. This implies that the sequence fl2.217p simplifies to 

^ H^'-\Y\Yi) H^'-\Y) -> H^'-%Yi){-l) ^, (2.220) 

Now, Y\Yi C p2*+^(no DVs, A^) is defined by the system 

As-iLis = 
BJs - Al_Js-i = (2.221) 

We can express Bg from the second equation and, projecting from the point 
where all variables but Bg are zero, we get an isomorphism 

Y\Yi = U\ (2.222) 

where U' C P^''(no DVs-, As, Bs) is defined by the system 

As-iLis = , , 

2.223 

/, ^ 0. ^ ^ 

Finally, combining ([2203]), ([2205]), fl2W]) . flOTSD . ([2:220]) and ([2222]), we 
get 

giY Hl'^\U) ^ giY H'''-\Y) = giY Hl'-\U'), ^ = 0, 1, (2.224) 
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for U and U' defined in ( 12.1961) and fl2.22HD respectively. 

Now, if s = 1, go to i/ie Last Step. If as_is_i = we go to Step 6. 

Otherwise do the next step. 

Step 5. Consider an entry a^s = Bg of Mqzz such that a^+is+i = -Bs+i- 
With other words, s satisfies the condition rii < s < rii + li^i — 2 for some 
i = t mod 2. Let U C F^'+^{no DVs) be defined by 

U := V(^L^,+i)\V(^L^,+i, J,+i), (2.225) 

and denote by DVs all the variables appearing in As usual, we try 

to compute Hf+^{U). Define f/i, f/2 C t/ by 

[/i: = V(A,)\V(A„/,+i), .2 2261 

t/2 : = V{Lis+i)\V{Li 

s+li h+l)- 

One can write an exact sequence 

iff +^(f/) ^ iff © Hl^^\U2) ^ ' 

where := f/i fl f/2- The defining polynomials of U\ do not depend on Am, 
thus Theorem B {N = 2s + 2, k = 1, t = 1) implies 

Hi{Ui) = for z < 2s + 2. (2.228) 

Since 

Lis+i = -As^iLis (2.229) 

and Is+i are independent of Ag, we apply Theorem B {N = 2s + 2, k = 1, 
t = 1) to U2 and get 

Hi{U2) = for i < 2s + 1. (2.230) 
Thus, f l2.227p gives us the isomorphism 

Hl'+\U) ^ i/f (f/3). (2.231) 
We can eliminate Ag, which is zero along f/3, and get an isomorphism 

f/3 = U, := V(Lz,+i)\V(Lz,+i, /,+i) (2.232) 
with C p2«+i(no DVs, A^). Defining T,Y C p2'+^ by 

, 2.233 



CHAPTER 2. GZZ 



59 



we get an exact sequence 

_^ ^2s-i(y) ^ H2s-i^Y) ^ iff (f/4) H'/„^{T) ^ . (2.234) 

By (12.2291) . Lis is independent of Bs, thus Theorem A (N = 2s + 1, k = 1, 
t = I) yields 

H'p^miT) =0 for z < 2s + 1. (2.235) 
The sequence fl2.234p imphes an isomorphism 

i/f (f/4) ^ H^''\Y). (2.236) 

Now, let 

Y,:=Yn V{Is) = V(Lz„ Q (2.237) 
be a subvariety of F C P^*'+^(no DVs, Ag). One has an exact sequence 

- <rJ(^i) - H'r\Y\Y,) H'^-\Y) H'^-\Y,) ^ . (2.238) 

Since 

Yi = V{Lis+i, BJs - Al_Js^i, Q = V{As.iLis, Is, As^Js-i), (2.239) 

the defining polynomials forget Bs] by Theorem A {N = 2s + 1, k = 3, 
t = 1), the sequence (I2.238P simplifies to 

^ H^'"\Y\Yi) H^'-\Y) H^'-'^{Yi){-l) ^, (2.240) 

where Yi C p2"(no DVs, As, Bs) is defined by 

Fi := V{As-iLis-i, Is, As-Js-i). (2.241) 

The open subscheme Y\Yi C F is given by the system 

As-iLis-i = 

Bsis - Al_Js-i = (2.242) 

Is^O. 

Expressing Bs from the second equation and projecting from the point where 
all the variables but Bs are zero, we get an isomorphism 

Y\Yi = U', (2.243) 

where U' C ¥^'{no DVs, As, Bs) defined by 

U' := V{As^iLts)\V{As-iLts, L)- (2.244) 
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Collecting (l2:23T]) .( l2:232ll .f l2.24()l) and ([22131) together, we get an exact se- 
quence 

— > Hl'-\U') — > Hl'+\U) H'''-%Yi){-l) — > (2.245) 

for U and U' defined by (12.2251) and (I2.244p respectively. Consequently, we 
obtain 

grf i/f +i(f/) ^ grf i/f -i(?7'), ^ = 0, 1. (2.246) 
If s = 1, go to the Last Step. 

After repeating a suitable number of times Step 5, we come to the following 
situation. 

Step 6. Suppose that the entry a^g of the matrix Mgzz is Cg and as+u+i = 
Bg+i- This happens when Sj — 1 for some i = t mod 2. For Cs we have 

Cs = A, + As± (2.247) 

with "+" only when k = 1. Let U C P^^+^j^no DVs) be defined by 

U := V{AsLts+i)\ViAsLts+i, J.+i), (2.248) 

and denote by DVs all the variables appearing in /^l^.^. As in the previous 
case, we define ?7i, [/2 C t/ to be 



f/i: = V(^)\V(A„/,+i), 
U2: = ViLts+i)\ViLis+i,Is+i). 

and write an exact sequence 

Hl\U,) © Hl\U2) ^ Hl\U^) 

where t/s := t/i fl t/2. For this step we have 

Lis+i = Aylg — Ag_iLig, 
Is+i = Cglg — A^^ilg^i. 



(2.249) 



(2.250) 



(2.251) 



Noting that the polynomials defining Ui and U2 are independent of Am and 
Ag respectively, we apply Theorem B {N = 2s + 2, k = 1, t = 1) and get 

H'^{Ui) = Hi{U2) =0 for z < 2s + 2. (2.252) 

The sequence (I2.250p implies an isomorphism 

Hf+^{U) ^ HfiU^). (2.253) 
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Eliminating As, which is zero on f/3, we get an isomorphism 

f/3 ^ := V{Lts+i)\ViLzs+u J.+i) (2.254) 

with U4 C p2-+i(no DVs, A,,). Thus, 

H^'iU^) ^ HfiUi). (2.255) 

Denoting by I'^j^^ the polynomial Is+i after setting As = 0, we define 
T,Y C P2^+^ (no DK, As) by 

^ ^ = f2 256) 
r: = V(Lz,+i, /:+,). 

One gets an exact sequence 

^ H^^-\T) H'^-\Y) Hl\U,) ^ H%,JT) . (2.257) 

Theorem A {N = 2s + 1, k = 1, t = 0) implies the vanishing of the term to 
the left. Motivated by fl2.25ip . we define 

Ti := Tn V(/.) = ViIs,As-iUs) C p2^+^(noDK, As). (2.258) 

One can write an exact sequence 

Hf\T\f,) ^ H'/^^JT) H%^{f,) (2.259) 

On T\Ti we can express A^ from the equation Lis = 0. Projecting from 
the point where all the variables but Ay are zero, we get an isomorphism 

T\fi=¥^'\V{Is-i). (2.260) 

The polynomial Ig-i does not depend on A^- Applying Theorem B {N = 
2s, k = 0, t = 1), one gets 

H^%T\fi) = 0. (2.261) 

The polynomials defining Ti are independent of Ay. Applying Theorem A 
{N = 2s + l, k = 2,t = l) to fi, one gets 

HprimiT) = Hp^~^{Ti){-l), (2.262) 

where Ti C P^*(no DVg, Ag, Ay) is defined by the same equations as Ti. By 
fl^:^ and drinSD, the sequence fl^:^ gives us 

gr ^H'/,,^{T) = gr ^//.^^^(T) = 0. (2.263) 
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Now define YiCY C F'^'+\no DVs, A^) by 

Y, := V(L2,+i, h) = V(^_iL2„ /,). (2.264) 

One can write a exact sequence 

^ ff2s-2^y^)^^^^ ^ H^^s-i^Y\Y,) ^ ^ (2.265) 

The polynomials defining Yi do not depend on A^. After application of 
Theorem A {N = 2s, k = 3, t = 1), the sequence (I2.265P simplifies to 

^ H^'-\Y\Yi) ^ if2s-3^y^)(_^) (2.266) 

where Yi C P^*(no DVs, As, A^) is defined by the same equations. It follows 
that 

g,WH's-i(^Y) = ^YhI'-\Y\Y{), i = Q,l. (2.267) 
The open subscheme Y\Yi C F is defined by the system 

Lis+i = r AJs - As-iLis = 

= ^ 1{A,± As-i)Is - Al^Js-i = (2.268) 
J, ^ [ ^ 0. 

We can express A^ from the first and second equation and this expressions 
must be equal. So we define Nig by 

Nis := ±/. + As-Js-i - Lis (2.269) 

with " — " only when U = 1. The expression for A^ and the natural projection 
from the point where all the variables but Ay are zero yield an isomorphism 

Y\Yi = U', (2.270) 

where U' C p2^(no DVs, ^, A) is defined by 

U' := V(A,_iM,)\V(A,_iM„ /,). (2.271) 

By fl2.253p . fl2.255p . and (12.2570 . one has an exact sequence 

H'^-\Y) Hl^+\U) — H%^{T) ^ . (2.272) 

Hence, ([2263]), (12:2671) and (1212701) imply 

^YhI^^\U)^^YhI^-\U'), z = 0,1, (2.273) 
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(2.274) 

with U and U' defined by fl2:2l8|l and 02.2711) respectively. 

If s = 1, go to the Last Step. If ag-is-i = Bs_i, return to Step 4 with 
Nig = Ni~] return to Step 3 with Nig = Nif otherwise. 

the Last Step. Recall that li > 1. In the case t = mod 2 we have come 
from Step 4 or Step 5. The matrix looks like 

/ 



M, 



GZZ 



Bq Aq : y4„ 
Ao B, ■. 



\ 



(2.275) 



\A^ ... ■ • . / 

We are interested H^{U), where U C P^(v4o : Am : Bq) is defined by 

U := V{A,Li^)\V{AQLi^,h) = V(AoA„)\V(AoA„, 5o). 
The exact sequence 



Hl{U) ^ H\V{AQAm)) - 

implies 

Hl{U)=Q{Q). 

In the opposite case, when t ^ mod 2, the matrix looks like 

/ D A ■ A \ 

• ^m-1 



(2.276) 

(2.277) 
(2.278) 



M, 



GZZ 



Bo Ao 
Ao C, 



y Am—l ■ ■ ■ 



(2.279) 



and we had come from Step 3 or Step 6. We deal with U C P^(v4o : Am : Bq 
defined by 

U:=V{Aom,)\V{Aom,,h) = 



V{Ao{Bo + Ao- Am))\ViAo{Bo + Ao - Am), Bo). 



(2.280) 



Changing the variables Am '.= Bo + Ao — Am, we come to the situation 
above, and we again obtain 



HliU) ^Q{0). 



(2.281) 
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We have constructed a sequence of schemes U = 11*^, U^, . 
(see (12.1711) ) such that 



for < s < n - 3, C P^'^^ By (12X72]) . we obtain 



W TT2n-6 fj/^ ~ rrv- H'2n- 7/ rr \ ~ 

Tj-2n-7/r™-4\ TTlnTO\ 



grfi/f -^(t/-^) = . . . = grri/,i(^"), z = 
Hence, 

grS^<";;'(V^) = Q(0) and gTYKr^^%V) = 0. 
Using the isomorphism 

(see (e34)), we finally get 

grri^?.-'(X) = W,H'^:r^'{X) = Q(-2), 
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2.3 De Rham class for GZZ(n,2) 

Fix some n > 2 and define F = r„ := GZZ{n, 2). This graph has 2n + 6 
edges and hi(T) = 2(n + 3). Let X„ C p2"+^ be the graph hypersurface 
associated to F„. By the results of the previous section, one has an inclusion 

Q(-2) ^ H^p:,t\Xn) = i/f +^(P'"■+^X). (2.287) 

Hence, we get dim if^"^^(p2"+5\x„) 7^ 0. We do not know that this co- 
homology group is one-dimensional in general. Nevertheless, according to 
Example [2231 ^2 ■= GZZ{2,2) = ZZ5, thus if|,"+^(p2"+5\X„) = K for 
n = 2. In this chapter we consider 

V = Vr = %^ e F(p2"+^ a;(2X„)) (2.288) 

(see flL62|) ) and show that [r/„] ^ in if2n+5(^p2n+5\^^)_ strongly follow 
Section 12, |BEK] . where the computations for WSn were done. 

Lemma 2.3.1 

Let U = Spec R be a smooth, afEne variety and f,g & R. Define 
Z := V(/, g) C U . We have a map of complexes 

© {^*rii/J^h) ^ (2.289) 

Then the de Rham cohomology with supports £,^{11) can by computed 
by the cone of j shifted by —2. 

Proof. We write the localization sequence for V(/) C U 

^ Hvu),DRiU) ^ Hlj^iU) ^ Hlj,iU\Vif)) ^ i/^;),z5^(f/) - . (2.290) 

Since U and U\V{f) are affine, the de Rham cohomology is the cohomology 
of complexes of differential forms and fi^j^^^jj. This implies 

H^uiDRiU) = H*in*j,^y^^/n},[-l]). (2.291) 

We replace f hj g resp. fg to get similar equalities for V{g) and V{fg). 
Consider the Mayer- Vietoris sequence for V{f),V{g) C U: 



(2.292) 



-^V(/)UV(3)(^) ^ ^Z^DRi^) 

Now the five-lemma yields that the natural map Hzj^^{U) H*{C*[—2]) 
for C* := Cone{'^) becomes an isomorphism. 

□ 
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Remark 2.3.2 

The direct computation shows that C* is quasi-isomorphic to the cone of 



/9] ■ 



(2.293) 



For the apphcation, we use U := P^"^+^\X„. Recall that the matrix of 
r„ looks like 



GZZ(n,2) 



Bo 


Ao 





Ao 


Bi 


Ai 





Ai 


Be 






























A„+3 






Define a, := 



ln + 3 ' 



\ An + 3 



and Cr, 



B„-i A„-i 

An + 1 An + 1 



(2.294) 



a„+2 + - a„. (We will 



see that the forms we work with have no poles along A„+3 = 0.) Let 

Gn+2 



Ai 



gn+2 



n+3 



(2.295) 



Set / = in+2, g = in+i- The equation 6„+2i„+2 - gn+2 = defines X„ on 
An+3 0, then &„+2«n+2 - gn+2 IS iuvertible on U = p2"+^\X. Thus 5f„+2 is 
invertible on V(/). The element 



P = -dbo A ... A dbn-i A dbn+iA 

A dao A ... A c?an+2- 



gn+2 



) 



(2.296) 



gn+2'^n+2 '^n+2^n+2 ~ fi'n+2 

is defined in ri^"+^^j/ri^"+^. It satisfies 

dbo A ... A (i6„_i A dbn+i A (i6„+2 A rfao A ... A dan+2 
'^(^ = '^= nr~, ~n — 

\On+2^n+2 ~ gn+2) 

By Corollary ILL4| In+iGn+2 = {Lin+2)'^ mod /„+2, thus 

^ri+lfl'n+2 =(ctn+l^n+l " 0'n+20'nin + 

(-l)""^a„a„_i . . . aiaof mod z„+2. 



(2.297) 



(2.298) 



CHAPTER 2. GZZ 



67 



We also use 

ik = bk-iik~i - a^_2^fc-2 (2.299) 
for A; + 2 or A; < n + 1. We now compute in fi^j-^^^^j/fi^j-^^^j and get 



din+2 . dan+2 . . . . 
jj = A ; A ctoo A . . . A cto„_iA 

'in+2 gn+2'i'n+l 



A dao A ... A dan+i ■ (l — - — ^"^^^^^^ \ 



d( ^ , , _^ ^Az/), (2.300) 

Va„+ii„+i-a„+2an^n + (-l)" an---ao in+2 



where 



u := ^!f21±l A rf6o A . . . A dbn-i A dao A . . . A dan- (2.301) 

Using the equahty 

= Cnin - al_^in-i = {an+2 + a„_i - a„)i„ - a^_ii„_i (2.302) 
and (12:299D . we get 



din+i dbn—i 

V = A — : — A dbn-2 A ... A doo A dao A ... A dan. 

din+1 din dio dbn 

A — A...A — A-^Ac/aoA...A dan. 

in+l in i2 bo 

By fl^TMJj) one has (3 = dO with 



(2.303) 



e := — ^ A u. (2.304) 

a„+iz„+i - a„+2a„i„ + (-1)" ctn • • • ao 

Both j3 and 6* have no poles along An+3 = 0. Thus the pair 

{f3,e)eHl%{U) (2.305) 

(see Remark r2.3.2p represents a class mapping to rjn E H'^jl^{¥'^"'~^^\Xn), 
where Z is defined by 

Z:= V(/„+2,/„+i). (2.306) 



Lemma 2.3.3 

The natural map 

i/|"+5(p2"+^\X„) > i/2n+5(p2n+5yj5^^) (2.307) 



is injective. 
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Proof. The proof goes almost word for word as the proof of Lemma 12.3. 
in [BEK] and works for Betti's, de Rham or etale cohomology. Define Y = 
V(/n+2)- We will show that the desired map is a composition of two injective 
maps 

i/|"+^(p2"+5\X) A /72n+5(p2n+5y^) ^ ^2n+5 ^p2n+5y^) _ (2.308) 

One has the localization sequence 

(2.309) 

Recall that /2n+2 is independent of Bn+2, ^n+i and v4„+3. Define Yq := 
V{h) C P«(no and Y, := V(/4) C ¥'^+\no 5„+2, ^n+i, ^n+a)- 

Consider the projections 

p2"+5\(x„ u r) ^ p2"+^yo p'"+^yl, (2.310) 

where vri forgets the variable Bn+2 and tt2 forgets An+i and A^+a. Since the 
map X\Y P^"''"^\yo induced by projection is an isomorphism, it follows 
that TTi is an Gm-bundle. The map 112 is an A^-bundle. One gets 

^2n+4(p2n+5^(j^ U F)) ^ ^2n+4(p2n+2\^y^^ ^ jj2n+3 ^^2n+2^Y^,,{-l) = 

(2.311) 

by homotopy invariance and Artin's vanishing. This proves that v is injec- 
tive. 

Consider the two open subschemes 

p2"+^\(X„ U r) C P2"+^(X„, UZ)C P2"+^X„, (2.312) 
then [Mil],ch.3, Remark 1.26 gives us the following exact sequence 
i7f_+/(p2'^+^\(X UZ)) — > 

i/|"+^(p2"+5\X) ^ i^2n+4(p2n+5y^) ^ _ (^.313) 

Because In+2 = Bn+lln+l - A^In, the singular locus of Y is contained in Z. 
Thus, for the smooth subscheme Y\Z in P^""''^\(X U Z) of codimension 1 
we may apply Gysin isomorphism (see |Mi2j . Corollary 16.2) 

^M(p2n+5y(^ U Z)) = H^''+\Y\{{X n F) U Z)){~1). (2.314) 

The injectivity of u will follow from the vanishing of the cohomology to the 
right. Denote by tts the projection from the point where all the variables 
but Bn+2 are zero and define 

T := 7r3(r\((X n r) U Z)) C P^"+^ (2.315) 
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Since X HY = V(/n+2, Gn+2), the defining polynomials are independent of 
Bn+2, thus TTs induces an A^-fibration and 

H^n+2^Y\{{X n r) U Z)) = H^"^\T). (2.316) 

Now define the projection 714 obtained by dropping An+i and An+3 

Hi-.T ^ Yi\Zi C P^"+l (2.317) 

The map 7r3(F\Z) Yi\Zx is an A^-fibration while 7r3(F\(X n F)) ^ 
Y\\Z\ is an A^-fibration. It follows that the fibers of 7r4 are A^ x G^. One 

gets 

i/2"+2^T) ^ i/2n,+2(y^\^^^) ^ H''''^^{J^\Z^){-\). (2.318) 
We know that 

FAZi = V(/„+2)\V(/„+2, 4+1) = P'"+AV(/„+i). (2.319) 

We may change the variables C„ := v4„+2, then /„+i forgets ^2 and thus 
the scheme to the right becomes a cone over P^"\V(/„+i). Applying Artin's 
vanishing, we get 

E^{Jx\Zx) = (2.320) 

for i > 2n. The equalities (I2.314p . (I2.316P and (I2.318P imply the injectivity 
of u. 

□ 

Theorem 2.3.4 

Let Xn be the graph hypersurface for r„ = GZZ{n, 2) and let 

[Vn] e iJ^"^+^(p2"+AX) be the de Rham class of ((Hsg). Then [r]^] ^ 0. 

Proof. The proof is almost the same as that of Theorem 12.4, [BEKj . We 
have lifted the class [7]n] to a class (^,r/) e H'^''+^ {¥^'^+^\X) , see f l2M) . 
By Lemma 12.3.31 it is enough to show that (/3, rj) ^ 0. We localize an the 
generic point of Z and compute further in the function field of Z. Consider 
the long denominator of (3 in fl2.300p : 

D := ttn+iin+i - an+2anin + (-l)""^a„ . . . ao. (2.321) 

On V{in+2,'in+i) we have 



(2.322) 
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thus both the left and the middle summand of D vanish. Now it follows 
that as the class in the function field of Z, the class (/?, rj) is represented by 

± d log(i„) A... Ad log(ii) A d log(ao) A... Ad log(an) (2.323) 

This is a nonzero multiple of 

o?log(6„_i) A ... A d\og{bo) A dlog{ao) A . . . A (ilog(a„), (2.324) 

so in non-zero as a form. The Deligne theory of MHS yields that the vector 
space of logarithmic forms injects into de Rham cohomology of the open on 
which those forms are smooth (see (3.1.5.2) in |De2j ). Thus the form above 
is nonzero. 

□ 

Corollary 2.3.5 

Let X he the graph hypersurface for T = ZZ^. Then for the class of rj 
defined in l\2.28Sl) one has 



(2.325) 



Chapter 3 
Gluings 



3.1 Classification 

Definition 3.1.1 

The degree deg(t;) of a vertex v (of an undirected graph) is defined to be 
the number of edges entering this vertex. 

Lemma 3.1.2 

For any vertex v of a primitively divergent graph T the following inequality 
holds 

deg{v) > 3. (3.1) 

Proof. Suppose that deg(t') = 1 for a vertex v e V{T), so we have an edge 
uv e E{T) for some vertex u e V{T). We delete the edge uv — the only 
one edge connecting v with the other vertexes of F — together with the 
vertex v and define F' = F\{ti?;}. This graph has the same Betti number 
but smaller number of edges. This is a contradiction with the assumption 
that F is primitively divergent. 




deg{v) — 1. deg(t') = 2. 



In the case deg(f) = 2 for some vertex v e V(r), we denote by ui and U2 
the two vcrtcxcs which are adjacent to v. Let F' = r\{uiV,U2v}. Note that 
|£;(F')| = \E{T) \ - 2. We know that /ii(F) is independent of the choice of 
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a basis of Hi{r), thus we can take such a basis that uiv and U2V will only 
appear in one basis element, and we get 

h{T') = h{T)-l. (3.2) 

Since we found an divergent subgraph of F, F is not primitively divergent. 
Hence, d{v) > 3 for any v G V(T). 

□ 

We classify primitively divergent graphs with small number of edges. 
Theorem 3.1.3 

Let r be a primitively divergent graph with -E(F) = 2n and n < 6. Then 
for F we have one of the following possibilities 

• n^, then F = WS^. 

• n^, then F = WS4. 

• n=4 , then F is isomorphic to the one of the following graphs WS5, 
ZZ5, XX5 or ST^. 

Proof. Set m := |V^(F)|. Denote by the degree of the vertex Vi & V for 
1 < i < m. We can compute the number of edges of F by taking the sum 
of all a's, and each edge will be counted twice. Thus, one has 

m 

^ai = 4n. (3.3) 

1=1 

By Lemma [3.1.21 a, > 3 for every i. It follows that 

3m < An. (3.4) 

Since we do not allow multiple edges and self-loops, we may assume that 
n>3. 

n = 3 . The inequality (13. 4p gives us m < 4. Define to be a complete 
graph with r vertexes Because has only 3 edges, m 7^ 3. Hence, m = 4, 
the inequality (13.41) becomes equality, and a, = 3 for alH. A graph with 4 
vertexes can have an most ^ = 6 edges, thus F is isomorphic to ^4. Note 
that graph WS3 is isomorphic to K^. 
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n = 4 . By the inequality fl3.4p we have m < 5. Because has only 6 edges, 
we get m = 5. Moreover, by (13. 3p . the only one possibility for a = (oj) with 
«!>...> as is (4, 3, 3, 3, 3). This means that up to a graph isomorphism, 
we have the following situation. The vertex vi is connected by an edge to 
each other four vertexes, and this 4 vertexes are lying on a loop of length 
4. Indeed, the vertex ^3 is adjacent to Vi and to two more vertexes, say V2 
and V4. If f4 is adjacent to V2, then t>5 must be connected with itself, this 
is not allowed. Thus, ^4 is adjacent to and the remaining edge is ^5^2. 



We get an isomorphism T = WS4. 

n = 5 . By the same argument as above, we get m = 6. Take an order 
«!>...> ae, it follows that we have 2 possibilities: (5, 3, 3, 3, 3, 3) and 



Case A: For the first case a = (5, 3, 3, 3, 3, 3) we have again one vertex, vi, 
adjacent to all other other ones, and this 5 vertexes V2, ■ ■ ■ ,Vq build a loop 
of length 5. 



Recall that the adjacency matrix for a undirected graph with m loops is a 
symmetric mxm matrix Ad = (aij) such that = 1 when Vi is connected 
to Vj and a^j = otherwise. The degree of a vertex Vi can be computed as 




(4,4,3,3,3, 



3). 




m 




(3.5) 



For Case A the adjacency matrix is the following. 
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Ad, 



( 


1 


1 


1 


1 


1 \ 


1 





1 








1 


1 


1 





1 








1 





1 





1 





1 








1 





1 


V 1 


1 








1 


) 



Case B : Suppose now that a = (4,4,3,3,3,3). There are two different 
situations, depending on wether the vertexes of degree 4 are connected to 
each other or not. 

Case B.l : Consider the case where the two vertexes of degree 4 (namely Vi 
and ^2) are adjacent. Without loss of generality, we may assume that the 
one vertex that is not adjacent to Vi is Vq. We get the following adjacency 
matrix. 



AdB.i = 



/o 

1 
1 
1 

1 



1 
* 
* 

* 
* 



0/ 



Again, we have to distinguish two cases. 
Case B.1.1 : Suppose that V2Ve e E{r) 



and ^6, and deg(f2) 
V2Vi,V2V4 e -E'(r) and ^2^5 ^ E{T) 



The vertex V2 is adjacent to v\ 
4. Without loss of generality, we may assume that 



Ad 





1 


1 


1 


1 


\ 


1 





1 


1 





1 


1 


1 





* 


* 


* 


1 


1 


* 





* 


* 


1 





* 


* 





* 


^0 


1 


* 


* 


* 





Assume for a moment that Vy, is adjacent to v^. Because deg(f3) = dcg(-;;4) = 
3 and both and V4 are adjacent to Vi and V2, we conclude that VqV^, 
VqV^ ^ E(r). Then vq is only adjacent to Vi and, may be, to v^; this 
contradicts deg^Ve) = 3. Hence V3V4 ^ E(r) and V3 is adjacent to or vq. 
Note that if we interchange vertexes Vi ^ V2 and ^ Vq, we get the same 
adjacency matrix and the graph isomorphic to F. Thus, one can assume 
that G E{T) and, consequently, ^3^5 ^ E{T). Since deg{v5) = 3, it 
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follows that V5 is adjacent to V4 and ve- We obtain 



Ad 



B.1.1 



( 
1 
1 
1 
1 



1 

1 
1 

1 



1 
1 



1 

0/ 



We can redraw this graph in a suitable way and see that it is isomorphic 
to ZZ^. 





Case B.1.2 : Now we suppose that the vertex is not adjacent to v%. To- 
gether with deg(?;6) = 3 this implies that v% is connected to ^5, and V3. 
Since deg(v3) = deg(v4) = deg(i;5) = 3, all this three vertexes are mutually 
not connected. We finally get the following adjacency matrix 



Ad 



B.1.2 



/O 
1 

1 

1 
1 



\ 

1 

1 
1 



We will refer to this graph as -S'Ts, which means "strange". For this graph 
we cannot say anything important about the graph hypersurface on the 
cohomological level. 
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Case B.2 : We consider the case when the two vertexes of degree four are 
not adjacent. Since deg(-;;3) = 3, the vertex must be adjacent to only 
one of the vertexes V4, or vq. Without loss of generality, we may assume 
that ^3^4 G E{T). Now, vq cannot be adjacent to V4, thus ^5^6 G -^'(r)- We 

1 \ 
1 


■ 

1 

0/ 

We redraw the graph in a suitable way and call the right drawing XX^. 




□ 

In the next sections we study the graph hypersurface for XX5 and the 
gluings — the graph obtained by the construction of gluing motivated by 
the shape of the graph XX5. 



ouiam 



Ad 



B.2 



( 





1 


1 


1 








1 


1 


1 


1 


1 





1 





1 


1 


1 








1 


1 











1 1 


1 








1 
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3.2 X 

In this section we compute the middle dimensional cohomology of the graph 
hypersurface for the graph XX^ (see Theorem 13.1.31) in the similar way as 
it was done for ZZ^ in Ch.2, Sect.l. We again consider H*{-) to be etale or 
Betti's cohomology. 

Theorem 3.2.1 

Let X be the graph hypersurface for XX^. Then 

Hl„^{X) ^ Q(-3). (3.6) 

Proof. According to the classification, XX^ is a primitively log divergent 
graph with 10 edges and hi{XX^) = 5. We orient and number edges in the 
following way: 



e2\ 






1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


1 


1 


1 























2 





-1 





1 


1 

















3 








1 





1 


1 











1 


4 

















1 


1 


1 








5 























-1 


1 


1 



By the construction, we get a matrix in variables Tj, and changing coordi- 



nates, we obtain the matrix 



MxxM^B) :-- 



/ Bo Ao A4 \ 

Ao Bi Ai 

A4 Ai C2 A2 A5 

A2 Bs A3 

\ A, A, B, J 



(3.7) 



with variables Aq, . . . , A5, Bq, Bi, B^, B4 and C2 := ^1+^42+^4+745. Define 
X := V(/5) C F^Ao : . . . : As : 5o : fii : ^3 : ^4), (3.8) 

and we compute H^lf^^X) = H^^^^{X) here. The determinant J5 can be 
written in the following way: 



IaBa — Ga 



(3.9) 



with 



G4 = Alh + AII2B3 - 2AM2A2. 



(3.10) 



CHAPTERS. GLUINGS 



78 



Consider the subvariety V(/5,/4)^'^^ C X and define U := X\V{l5,hY^^. 
One has an exact sequence 

- H!{U) ^ H',^ax) - H',riJV{h, G,r^) ^ H!{U) - . (3.11) 



Lemma 3.2.2 

One has Hi{U) for i < 10. 

Proof. The scheme U is defined by the system 

F, — BaIa — Ga = , , 

^ 3.12 

We solve the first equation on B4; projecting from the point where all the 
variables but B4 are zero, we get an isomorphism 

U^F^Vih) (3.13) 

with the scheme to the right in P^(no B4) . The polynomial I4 is independent 
of A3. Applying Theorem B {N ^ 8, k ^ 0, t ^ 1) to P^\V(/4), we get 

H\U) = Hi{F\V{l4)) = for i < 9 (3.14) 

and 

H!{U) - H!i¥'\V{h)) = Hl{F'\V{hm-l), (3.15) 

where the scheme to the right lives in P^(no B4, A3). One has an exact 
sequence 

- Kimi^') - KimW^)) - ^J(nV(/4)) - H^F') . (3.16) 

Since the outermost terms vanish, we get an isomorphism 

Hl{¥'\V{h))^H'^aV{h))- (3.17) 

The only one appearance of A^ in I4 is in the sum C2. We make the linear 
change of coordinates C2 := A^ and think of C2 as independent variable. 
Denote by I4 and the images of the polynomials I4 and Is under this 
transformation. One has an isomorphism 

HUminh)) = Hl,,^{V{I'4)). (3.18) 
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Together with (137[5D and (laTTIl . we get 

H!iU)^H'^„^iViI'M-^), (3.19) 

where V(/4) C P''(no B4, A3). We can write 

I', = B,I',-All2. (3.20) 

Define f := V(/l,/^) C V(/l) C and ^ := V(/l)\r. One has an exact 
sequence 

— > H!iS) ^ H'^rrmiVm ^ H^,rrmiT) — . (3.21) 

On V(/4)\T we solve (13.201) on B^; projecting from the point where all the 
variables but B^ are zero, we get an isomorphism 

S ^ P^V(/3). (3.22) 

The polynomial Jg is independent of A2, Theorem B {N = 6, k = 0, t = 1) 
implies 

H^{S) = 0. (3.23) 

The variety 

f = V(/; I',) = V(/^, A2I2) C P^ (3.24) 

is defined by the polynomials both independent of -B3. By Theorem A 
(N = 7, k = 2, t = 1), we obtain 

HprimC^) — Hprimi'^)i~^)^ (3.25) 

where T := V(/^, A2I2) C P^(no B4, A3, B^). The sequence (jMH) simplifies 
to 

<.™(V(/:)) H^„^{T)i-l) ^ . (3.26) 
Define Ti := V {13,12) C T and := T\Ti. We have an exact sequence 

^ //^^Ti) ff,^(r,) <,,^(r) i/,^,„(Ti) . (3.27) 

Note that Ti = V(/^, /a) = V(/2, G2) C P^ with G2 := I3-C2I2, the defining 
polynomials are independent of C2 and A2. Thus, Theorem A {N = 6, k = 2, 
t = 2) gives us iJp^j^(Ti) = for i < 6. The sequence (13.271) implies an 
isomorphism 

Hi,,^iT)^Ht{T,). (3.28) 
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The scheme Tc C is defined by the sequence 

^3 = 

^2/2 = ^ { A2 = (3.29) 

/2^0 

We solve the first equation on C2. Applying Theorem B {N = 4, = 0, 
t = 2) to P^\V(/2), we get 

H^i%)=H^{F\V{l2)) = 0. (3.30) 

By fl3J9|) . (13:261) and fl3:28|) . we finally obtain 

^p..™(V(T))(-2) = 0, H!iU) = H^^„jViI'M-^) = 0. (3.31) 



□ 

The lemma gives us the vanishing of the outmost terms of the sequence 
(13.111) . thus one gets an isomorphism 

H^miX) = Hl„^{V{G,, hf^). (3.32) 

The variety to the right is defined by the equations independent of B^. 
Theorem A implies 

Hprimi^) - Hprim(^iGi,h)){-l), (3.33) 

where the variety to the right lives in P^(no B4). The poljTiomial G4 is 
defined by 





Bo 


^0 


A, 




Bo 


^0 







Bo 


^0 


A, 


G4 := Al 


Ao 




Al 




Ao 


Bi 





- 2A3A5 


Ao 


Bi 


Al 






Al 


C2 










Bs 










A2 



= Alh + AlhBs - 2A3A5/2A2. (3.34) 
Define V, Ui C V(G4, h) C P^(no B4) by 

V :=V{G,,h,h) (3.35) 
and Ui := V(G4,/4)\V". One can write an exact sequence 

H^.iUi) — > i/!„,JV(/4, G4)) — H',r^miV) ^ HHUi) — (3.36) 
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The scheme Ui is defined by the system 



(3.37) 




Such ?7's were studied in Chapter 1, Section 1. By Theorem II .l.Tt it follows 
that 

f/i = f/2 := V(/4)\V(/4, h) C P'(no B,, A3) (3.38) 
Using the equality 

h = Bsh - Alh (3.39) 

and projecting from the point where all the coordinates but are zero, we 
obtain an isomorphism 

U2 = P^V(/3). (3.40) 

We change the coordinates C2 := A5 and denote by /g the image of J3 under 
this transformation. The polynomial J3 is independent of A2. Theorem B 
(AT = 6, A; = 0, t = 1) yields 

H\¥^\V{I',))=Q for z<7, 

if7(p6\V(/^)) = /75(p5\v(j/))(_i) l-^-^^J 

with the scheme to the right in p5(no ^4, A3, ^3, A2). Note that V(/3) C P^ 
is exactly the graph hypersurface for WS'^. By Theorem 13.2.31 and using 
the exact sequence 



(3.42) 



we get 



i/f (P^V(/^)) = H'^^mmis)) = Q(-2). (3.43) 



Collecting together ([S3HD, and ([MI]), we obtain 

Hi{Ui) = for i < 7, 
i/J(V(G4,/4)\V^) = Q(-3). 



(3.44) 



The sequence (13.361) simplifies to 

H^,„mmh, G,)) ^ Hl„^{V) ^ Q(-3) ^ (3.45) 

Now consider V = V{G4,h,l3) C P^(no B4). By Theorem [LLSl the poly- 
nomial (j4 (see (13.341) ) is independent of A^ on V. Thus, we can write 

V = V{A,l2Bs,h,hY''^. (3.46) 
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Now, all the three defining polynomials of V are independent of A^. We 
apply Theorem A {N — 8, k — 3, t — 1) and obtain 



(3.47) 



where 



V := ViA^hBs, h, h) = V{A^hB^, h, A^h) C P^(no S3, A3). (3.48) 
Define Vi C 1/ C by 

:=l/nV(/2) =V(/3,/2). (3.49) 

One has an exact sequence 



(3.50) 



We see that the defining polynomials of Vi are independent of A2 and B^. 
Theorem A {N ^ 7, k ^ 2, t = 2) yields 



H'{Vi) =0 for i < 7. 
Then the sequence above implies an isomorphism 

H^rimiV) = Ht{V\V,). 
The scheme V\yi C (no B^ or ^43) is defined by the system 



(3.51) 



(3.52) 



r = 

/3 = 

A^h = 



( A,B3 = 
h = 
A2 = 



(3.53) 



The variable ^3 appears only in the first equation. Set V02 ■— {V\Vi)(lV{A5) 
and 1^03 := {V\Vi)r\V{B3). We write the Meyer- Vietoris sequence for V\Vi: 



Htiy\v, 



H^{Vo2)®H^M 



(3.54) 



03 J 



The defining polynomials of V02 are all independent of B^. Theorem B 
{N = 7, k = 3, t = 1) gives us 



Hi{Vo2) =0 for i < 5. 



(3.55) 
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Now, the variety V03 is defined by the system 

B3 = A2 = 
3 = C2/2 - G2 = (3.56) 

The only one appearance of in the equations is in C2, so we change the 
variables C2 ■= A5. Thus V03 is isomorphic with the variety Vq^ defined by 
the same equations but with C2 independent. We solve the second equation 
on C2', projecting from the point where all the variables but C2 are zero, we 
get 

K)3 = K)3=PV(/2), (3.57) 

where the scheme to the right lives in W^{Bq : Bi : Aq : Ai : A4). Since I2 
in independent of Ai and ^4, Theorem B {N = A, k = 0, t = 2) implies 

HiiVos) ^ Hi{F^\l2) = for z < 6. (3.58) 

By (I3.55P and (13.581) . the sequence fl3.54p yields an isomorphism 

H'Av\v,) = Hl{y,2 n v,-,). (3.59) 

On V02 n Vo3 all the variables ^5,^2 and S3 are zero, thus we obtain 

K)2nK)3 = V(/3)\V(/3,/2), (3.60) 

where the scheme to the right lives in P^(-Bo : Bi : Aq : Ai : A^). Together 
with (13.521) and (I3.60p . one gets an isomorphism 

H^miV) = Hl{V{h)\V{h, I2)). (3.61) 

For the scheme to the right, we have an exact sequence 

^ H\V{h)) ^ H\R) ^, (3.62) 

where 

R := V(/3, h) = V{AIBq + AlB^ - 2A1A4A0, h) = V(G2, h). (3.63) 
Consider _Ri = i? fl V{Bq) = V{Bq, Aq, A4B1) C P"^ and an exact sequence 



>H^{Ri) — > H'^{R\Ri) Hp^-^{R) 



Hp^^^(Ri) — > H^(^R\Ri) — > H (R) — > H (Ri 



(3.64) 
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The variety -Ri = V{Bq, Aq, A4B1) C and isomorphic to the union of two 
hnes intersected at one point. The sequence above simphfies to 



(3.65) 




— > H^{R\Ri) — y Hpj.i^{R) — > 

Q(-l) ^ H^{R\Ri) H^R) 

Now the scheme R\Ri is defined by 

AlBo + AlBi - = 

BqBi - Al = Q (3.66) 
5o^O. 

We apply Theorem 11.1.51 to R\Ri, and projecting further from the point 
where all the variables but Bi are zero, we obtain 

R\R^ ^ V(/2)\V(/2, Bo) = P'\V(5o) = A\ (3.67) 

Hence, H^{R\Ri) = H^{R\Ri) = 0. Substituting this into the sequence 
(13.651) . one gets 

H^rimiR) = Qi~^) and H'{R) = 0. (3.68) 

Since V(/3) C P'^ is a hypersurface, iJprj„(V(/3)) = 0; by fl3.68p . the se- 
quence (13.621) simplifies to 

Q(-l) ^ H'^{V{h)\V{l3, h)) H\V{h)) ^ (3.69) 

We need to compute H^{V{h)). Define Y,Si C V(/3) C F\Ao : Ai : A4 : 
Bo : B^) by 

Y:=V{h,ll) (3.70) 
and 5*1 := V(/3)\F. One has an exact sequence 

H^iS,) — H'iVih)) H\Y) Ht{S,) — . . (3.71) 

The scheme Si is defined by 



II ^ 0. 



(3.72) 



We solve the first equation on Bq, and projecting from the point where all 
the variables but Bq are zero, we get 

Si ^ P^\V(4). (3.73) 
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The polynomial is independent of Aq. Theorem B {N = 3, k = 0, t = 1) 
applied to the variety to the right implies 

HliS,) = for z < 4, 

HKs,) = H'A^'\v{m-i). ^^-'^^ 

Since the variety V{Il) = V{Bi{Ai + A^) - Aj) C ¥\Ai : A^ : Bi) is 
isomorphic to a line, we get 

H^{S,) = H'^{A'){-1)=0. (3.75) 

Substituting this into the sequence f l3.7ip . we get an isomorphism 

H^Vih)) ^ H^{Y). (3.76) 

Now, Y ■.= V{h,ll) = V{G'^,ll)^^'^ with 

G'^ ■= h - B,ll = AIG2 + AlB^ - (3.77) 

The defining polynomials of F C are independent of Bq, we apply The- 
orem A and get 

H^{Y) = H^{Y){-1), (3.78) 

where Y := V{G'^, II) C ¥'\Aq : A^: A^: B^). Define Fi, C F C by 

= r n V(5i) (3.79) 

and Yf. := F\Fi. One has an exact sequence 

The variety Yi is defined by the system of equations 

AIG2 + AlBi - 2A0A4A1 = 

B^G2 -Al = (3.81) 
Bi = 0, 

where C2 = v4i + ^4. It is easy to see that 

Y, = V{B,,A,,AoA,)cF^ (3.82) 

so Yi is isomorphic to a union of two points. By Theorem A {N = 3, k = 2, 
t = 0), Hpj.^^(Y) = 0, thus the sequence (13.801) simplifies to 

Q(0) Hl{Y,) H\Y) ^ 0. (3.83) 



(3.80) 
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The scheme Yc is defined by the following system: 

AIC2 + AlBi - 2A0A4A, = 

B1C2 -Al = (3.84) 

By Corollary II. 1.4[ one has 

G'^Bi = {Li2f mod h, (3.85) 
where Li2 := A4B1 — AqAi. Hence, the first equation of the system implies 

A^Bi - AoAi = ^ = (3.86) 

while the second equation gives us 

C2 = A + A, = ^ ^ A = M%^. (3.87) 

Thus, 

Ai{Bi + Ao - Ai) = (3.88) 

on Yc. Projecting from the point where all the variables but A4 are zero, 
we get an isomorphism 

Fe = V(Ai(fii + Ao- A,))\V{A,{Bi + Ao- A,), B,) c (3.89) 

For Yc we can now write an exact sequence 

^ H'^UnMBi -A,- A,))) ^ Hl„„XV{A,{B, -A,- A,), B,)) 
^HliYc) ^ H\V{A^{B^ - A - Ao))) ^ . 

(3.90) 

Changing the variables Bi := Bi — Ai — Aq, we see that the variety 
V{Ai{Bi — Ai — Aq)) is isomorphic to a union of two lines intersected at 
one point. Similarly, V{Ai{Bi — Ax — Ao),-Bi) is isomorphic to a union of 
two points. Hence, the sequence (13.901) implies 

El{Jc)=m)- (3.91) 
We return to the sequence fl3.83p and obtain the vanishing 

if^(r)=0. (3.92) 
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By f l3.76p . f l3.78p and f l3.92p . the sequence ( 13.690 gives us an isomorphism 

H!{V{h)\V{l3, h)) = Q(-l). (3.93) 
Using fl3.45p . fl3.47p and fl3.6ip we obtain an exact sequence 



— > Hp^i^(y{h,G4)) 



-3) 



(3.94) 



The map j must be zero both for Hodge structures and for Q^-modules with 
action. Hence, the sequence yields 



:-2) 



By fl3.33p . we finally get 



H'^„^{X) = i7j_(V(J4,G4))(-l) = Q(-3). 



(3.95) 
(3.96) 



□ 



Now we want to recall the classical case of WSn (see |BEK] ) and prove two 
lemmas used in the next section. 

Theorem 3.2.3 

Let X C p2"-i be the graph hypersurface associated to WSn, n > 3. Then 



prim 



{X) 



:-2i 



(3.97) 



Proof. We only recall several steps of the proof. The proof itself can be 
found in [BEK] . 

In this case the matrix is a three-diagonal matrix 3diag(i?o, ■ ■ ■ ,B 
Aq, . . . , An-2) plus some extra term An-i at the corners. 



n— 1 1 



Bo Ao 
Ao fii 













An-l 





\ 














Bn~3 An-3 
An^3 Bn^2 An-2 
An-2 Bn-l 



(3.98) 



We deal with the hypersurface X := V(/„) C P^"^^(yl, B). Projecting from 
the point where all the variables but vanish, we get the following 

isomorphism 



H'--\X) = H'^-\V{In,In-i)) = H'"-\V{In-i,Gn-i)){-l), (3.99) 
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where Gn-i is such that = Bn-iln-i — Gn-i- The variety to the right 
hves in P^"~^(no -Bn-i)- Next, one can prove that 



i/"(V(/„_i,G„_i)) ^ iJ"(V(/„_i,G„_i, J„_2)) 
= H^^~%ViIn-u 4-2, A„_i/i_2))(-l), 



(3.100) 



where the variety on the right hand side hves in P^" '^(no Bn-i, ^^-2)- The 
next step of the proof is an isomorphism 

Hpri^iyiln-l, 4-2, - -f/'^""'^(V(/„_i, In-2, ^n-l, IL2)) 



The last thing to prove is 



H 



2n-7 



(^) = Q(o), 



(3.101) 



(3.102) 



where Z := V(/„_i, 4„2, /^-a) C P^"~"(n o E i, A^_2, A„_i). This is 
exactly the statement of Theorem 11.9 in [BEKj . In the next section we 
will slightly modify this part of the proof, and apply it in the computation 
of WSn X WS3. Now, fl?102|) implies 



-1) 



and 



2n-2 
prim 



(V(/n)) 



;-2). 



(3.103) 
(3.104) 



The other statement is used several times. 
Lemma 3.2.4 

Let M be the three-diagonal matrix 3diag(-Bo, 
n > 2. Then 

HUmWn)) = 

for i < 2n — 3. 

Proof. The matrix M looks like 

/ Bo Ao 
Ao B, 

M 






V 









B 






71 — 3 








Bn-l', Aq, . 



A:, 



n— 3 



An-3 Bn-2 
A„_2 








An-2 
Bn~l 



□ 

An-2), 

(3.105) 



(3.106) 
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The variety V(/n) lives in {A, B) . For i < 2n — A the vanishing 

holds for dimensional reasons (by Theorem A). The statement means that 
the interesting cohomology of V(/„) is not the middle dimensional one, 
H'^'''^{V{In)) = H^"'~^{V{In)), but the cohomology of the degree one above. 
Actually, we will prove that 

HlrimiWn)) = ^;„^(V(4, /„-l)) = (3.107) 

for i < 2n — 3 using induction on n. For n = 2, the variety V{BqBi — Aq) 
is isomorphic to and V(/2, Bq) — V(-Bo, Aq) is a point, thus 

H\V{l2)) = H\V{hJi)) = 0. (3.108) 

Suppose now that for all three-diagonal matrices of dimension smaller then 
n X n the statement holds. Consider the exact sequence 

Using the formula 

In — Bn-lln-l — ^n-2-^n-2, (3.110) 

we can solve the equation 7„ = on projection from the point where 

all the variables but B^-i are zero gives us an isomorphism 

V{In)\V{In, In-l) = P'"-^V(/n-l) . (3.111) 

Now, In-l is independent of A„_2- We project from the point where all the 
variables but >1„_2 are zero, and get 

//*(p2"-3\V(4_i)) ^ //*-2(p2"-^\V(4_i))(-l). (3.112) 

The exact sequence 



H*{¥'^-'\V{In-i)) /^;„^(P'"-') 
gives us an isomorphism 



(3.113) 



H*{¥'^-'\V{In-i)) ^ H*^-'jV{In-i)). (3.114) 
By the induction hypothesis, for V(/„_i) C P^"~'^(no B^-i, An-2) we have 
H;^,jV{In-i))^0 i<2n-5. (3.115) 
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By (Kim . (133121) and (EUl]), we get 

i/:(V(/„)\V(/„,/„_i)) - i7^(p2"-3\v(/„_i)) = 



(3.116) 



for i < {2n — 5) + 2 + 1 = 2n — 2. Thus, the sequence (13.109!) implies an 
isomorphism 

i/2-3(V(J„)) ^ H^^-\ViIn, In^l)). (3.117) 

We write V(/„,/„_i) = V(/n-i, An-2/n-2)^^""^\ and projecting from the 
point where all variables but Bn-i are zero, we get 

H'^^-'iVilnJu^l)) = i/'"-^(V(4_i, A„_2/„-2))(-l) (3.118) 

with V(/„_i, ^4^-2/^-2) C. F^"-~'^{no -Bn-i)- One has an exact sequence 

^S;n'(V(/n-l,^„-2,/„-2)) — i/''^-^(V(/„_i, A„_2/n-2)) 

i/2-5(V(/„_i,A„_2)) ©i/'"-'(V(/„-l,/„-2)('"-')) ^ . 

(3.119) 

By the induction assumption, both the term to the left and the sum to the 
right vanish, and we get 

r2n-5/->5/r A t \\f ^\ n [6.iZ0) 



H'''-\V{In-uAn-2ln-2)){-l] 



0. 



□ 



Another lemma with the similar statement will be used in the next section. 



Lemma 3.2.5 

Let M be the three-diagonal matrix 3diag(i?o, 
n > 3 with Cn-i = An-2- Then 



HU^iWn)) = 



for i < 2n — A. 

Proof. We work with the matrix 
M 



Bn-2, Cn-l] Aq, 






\ 












Bn-3 
An-3 










An-3 
Bn-2 
An-2 








An-2 
Cn-l 



\ 



, An-2), 



(3.121) 



(3.122) 
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The variety V(/„(M)) is taken in F'^'^'^ {A, B) . Theorem A {N = 2n - 3, 
k = l^t = 0) implies if*(V(/„)) = for i < 2n -4. Consider H^'''\V{In)). 
We can write 

In = Cn-lln-l — ^n-2-^n-2 = ^n-2(-^n-l — ^n-2-^n-2)- (3.123) 

Define S,T C. V(/„) by 

T ■= V(/„-l - A„_2/n-2) (3.124) 

and S := V(A„_2)(2"-^). Then V(/„) = T U ^, and one has the Mayer- 
Vietoris sequence 

— ' Hpri^iS n T) — > (V(/„)) — > 



pnm \ ' ' / prim 

prim \^ J ^ pri' 



Since 5 n T = V(A„_2, /n-i), Lemma [3221 imphes H^rr^{S n T) = 0. The 
variety S = V(A„_2) C P^^-s jg isomorphic to P^"-^ thus H^r^{S) = 0. 
For T, we can write 

In-l — An^2ln~2 = (-Bn-2 — An^2)In-2 — A^_3/„,_3. (3.126) 

We see that this polynomial does not depend on A„„2 or -B„-2 but only 
on Bn-2 — An-2- We can change the variables -Bn-2 := -B„-2 — A„_2, then 
Theorem A{N = 2n - 3, k = 1, t = 1) imphes H'^''-^{T) = 0. Finally, the 
sequence (I3.125P implies 

<";n'(V(/n)) = 0. (3.127) 

□ 
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3.3 Gluings of WS's 

In general, it is not easy to verify whether the graph is primitively log diver- 
gent or not. Nevertheless, we can construct new primitively log divergent 
graphs from the existing one's by the operation of gluing. 

Definition 3.3.1 

Let r and F' be two graphs, choose two edges (w, v) e E{r) and («', v') e 
E{r'). We define the graph F x F' as follows. Wc drop the edges {u,v) 
and {u',v'), and identify vertices u with u' and v with v'. We say also that 
F X F' is the gluing of F and F' along edges {u,v) and {u',v'). 

Example 3.3.2 

The graph XX considered in the previous section is isomorphic to WS3 x WS3. 
Theorem 3.3.3 

The gluing F x F' of two primitively log divergent graphs F and F' (along 
edges {u, v) and {u', v') ) is again primitively log divergent. 

Proof. Suppose that F and F' have 2n and 2m edges respectively, then 
hi{r) and hi{r') = m. We can chose a basis {7i,...,7n} of f/'i(F,Z) 
such that the edge (m, v) only appears in 7^. Indeed, wc take any basis 
{71, . . . , 7n-i} of i?i(F\{(M, v)}, Z) and define 7^ to be any loop containing 
{u,v), then {71,..., 7„} form a basis of ifi(F, Z). Similarly, we choose 
a basis such that the only appearance of {u' ,v') is in dm- It 

follows that the loops {71, . . . , 7„-i, ^i, . . . , ^m-i, 7n x ^m} form a basis of 
Hi{T X F',Z). Thus, \E{T x F')| = 2n + 2m - 2 = 2hi{T x F') and F x F' 
is logarithmically divergent. 

To prove that F x F' is primitively log divergent, we consider a proper 
subgraph Fq C F x F' and define Fi (respectively F2) to be the graph 
Fq n F U {(-u, f)} (respectively Fq fl F' U {{u',v')}). Because the graphs F 
and F' is primitively log divergent, for the subgraphs Fi C F and F2 C F' 
the inequalities 

|£^(ri)| < 2/ii(Fi) and |£;(F2)| < 2/ii(F2) (3.128) 

hold, and the inequalities become strict if subgraphs are proper. Since Fq is 
the proper subgraph, at least one of the subgraphs Fi, F2 is proper. Thus 
we get 

|E(Fi)| + |E(F2)| < 2(/ii(Fi) + /ii(F2)) (3.129) 
The number of edges of Fq equals 



£;(Fo)| = |£;(Fi)| + |£;(F2)|-2, 



(3.130) 
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and one has an inequality 

hiV,) + hiiV^) - I < hiVo) (3.131) 

which becomes an equahty if the operation of adding (m, v) to Fq fl F (or 
that of {u',v') to Fq n F') increases the Betti number. The inequahty 13.1291 
imphes 

|E(Fo)| <2/ii(Fo). (3.132) 

Thus, every subgraph of F x F' is convergent and F x F' is primitively log 
divergent. 

□ 

Corollary 3.3.4 

Every gluing F of finitely many GZZ graphs (along any pair of edges) is 
primitively log divergent. 

Proof. This follows from the fact that a GZZ graph is primitively log 
divergent, see Theorem 12.2.51 

□ 

Throughout this section we only deal with gluings of WS's graphs. Our 
goal here is to analyse the middle dimensional (Betti) cohomology of hy- 
persurfaces associated to graphs WSn x WS3 for n > 4. The gluing for 
WSn X WS3 goes along some two 6-edges (not spokes). 

Theorem 3.3.5 

Let X be the graph hypersurface for the graph WSn x WS3, n > 4. For 
the middle dimensional cohomology if™^(X), one has 

9rYiH;^TmiX)) = Q(-3) and grf {H;:t{X)) = Q(-4)®^ (3.133) 

where d = 0, 1 or 2, and all other gr^ = 0. 

Proof. Fix n > A and consider the graph WSn- We orient the spokes 
(a-edges) (fo,'^^) as exiting the center vq and label them with ei through 
Cn- The boundary edges (fj,fi+i) (modulo n) are denoted by Cn+i and are 
oriented exiting Vi. Now we rename the last edge e2n ='■ e, play the same 
game with the graph WS^, shifting the numeration of edges by 2n — 1, and 
glue WSn with WS3 along e and e2n+5- Denote the resulting graph by F. 
To show the way of constructing the tables and the matrices associated to 
this gluing, we restrict to the case WS4 x 1^5*3. 
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5 
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8 


9 


10 


11 


12 


1 


1 


-1 








1 























2 





1 


-1 








1 




















3 








1 


-1 








1 

















4 


1 








-1 











1 





-1 








5 























1 


-1 





1 





6 


























1 


-1 





1 



The matrix Mr has two "blocks" coming from the matrices of WSn and 
WS^ intersected by one element which becomes dependent. 



Mr{A,B) 



\ 



Bo 


Ao 











^71 + 1 








Ao 


Bi 


Ai . 




















Ai 


B2 . 




























A„_3 




















■■ An-3 


Bn-2 


A„-2 








A„+i 











An-2 


Cn-l 


An-1 


An+2 

















A„-i 


Bn 


An 

















An+2 


An 


Bn+1 



(3.134) 



We deal with polynomials in variables A = {Aq, Ai, . . . , An+2} and 
B — {Bq, . . . , Bn-2, Bm Bn+i}, the element C„_i is equal to the sum 



Cn-l '■— An+l + An-2 + ^n-1 + A 

n 



+2- 



(3.135) 



The hypersurface X C P^"^'^(a4, i?) is defined by the vanishing of 
/„+2(M) = detMp. The middle dimensional cohomology to compute is 



One has 



In+2 — Bn+iln+l — Gn+1- 

We have an exact sequence 



(3.136) 
(3.137) 



//2"+2(V(4+2, 4+1)) Hl^+\U) (3.138) 
where U := X\V(4+2, 4+0 C F^^+^{A,B). 
Lemma 3.3.6 

One has Hi{U) = Q fori<2n + 3. 
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Proof. Denote by Pi the point where all the variables but Bn+i are zero. 
The natural projection from the point Pi, tti : p2"-+3\^p^ _^ ■p2n+2^^^^ Bn+i), 
induces an isomorphism 

C/^P^"+2\V(4+i). (3.139) 

Note that In+i is independent of An. Thus, Theorem B{N — 2n + 2, k — 0, 
t — 1) already gives us Hl{U) = for i < 2n + 2. For i = 2n + 3 we need 
to stratify further. Let P2 G p2ri+2 ^^le point where all the variables but 
An are zero. The natural projection tti : p2"+2\P2 — >■ P^""'"^(no B^+i) gives 
us an A^-fibration over P^'^+-^\V(/n+i), thus 

Hlr^+^iU) ^ i/2n+3(p2"+2\V(4+i)) ^ i/f+l (p2"+l\V(/„+i)) (-1) . 

(3.140) 

Next, we make a change of variables: Cn-i := An+2 and denote by I- the 
image of li under this transformation, i <n + l. We get an isomorphism 

p2-+i\V(4+i) ^ p2"+^V(/;+i). (3.141) 

For the right hand side scheme, we have an exact sequence 

^2n+l^p2n+l^y^j/^^J) ^ ^2n+l^p2n+l) ^ _ ^3_;l42) 

It follows that 

^r^^(P'"+^V(0) - H'^-^{V{lUi)). (3.143) 

Define f, To C P2"+1 (no A^) by f := V(/;+i, J^) and Tq V(/;+i)\f . 

We need to analyse the exact sequence 

//f (To) H^^iJVilUi)) K^imif) (3.144) 



The open scheme Tq is defined by the system 

^'n+l = ^nln ~ ^n-lln-l = 



(3.145) 



The projection from the point where all the variables but Bn vanish induces 
an isomorphism 

To ^p2"\V(/;j. (3.146) 

Since is independent of An-i, Theorem B{N = 2n, k = 0, t = 1), applied 
to P2"\V(/;), implies 

H^^'iTo) = 0. (3.147) 
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Now, 

f = V{lUi, O = V(/;, C W>^^+\ (3.148) 

Both polynomials and are independent of and projecting 

from the point where all variables but are zero, we get 

= (3-149) 

with 

T := V{CAn-Jn-i) C P'"(no S„+i,^„,S„). (3.150) 
Consider Ti C T defined by 

Ti:=rnV(/„_i), (3.151) 
and set Tqo = One has an exact sequence 

Hl--\%o) H';^r^{T) H';^r^{T,) (3.152) 

The variety 

Ti=V(/;,4-i) (3.153) 

is defined by two polynomials both independent of We apply Theorem 

A {N ^ 2n, k ^ 2, t ^ 2) to Ti and get 

H^^'in) = 0. (3.154) 

The open scheme Too is defined by the system 



(3.155) 



Write 

I'n — Cn-iln-l — Gn-1: (3.156) 

where Gn-i is independent of C„_i = An+2- We can express C„_i from the 
system, and the projection from the point where all the variables but C„_i 
are zero induces an isomorphism 

Too = P'"-^V(4_i). (3.157) 

The polynomial /„_i is independent of An-2 and An+i- We apply Theorem 
B {N = 2n - 1, k = 0, t = 2) and get 





//f -2(roo) = 0. (3.158) 
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By f l3.154p and (13.1580 . the exact sequence f l3.152p simplifies to 

= 0. (3.159) 
The sequence f l3.144p together with f l3.149p gives us 

Kr^mmIUl)) = 0- (3-160) 

The vanishing of H^''+^{U) now follows from (KUd^ and (l37[43|l . 

□ 

We return to the sequence (13.1380 . Lemma [3.3.61 yields an isomorphism 

^2n+2(^) ^ H'-^\V{In+2, /n+l))- (3.161) 

One has 

In+2 = Bn+lIn+2 — Gn+1-, (3.162) 

thus 

i^2"+2(x) ^ H^'^^^{V{In+i. G'„+i)('"+3)). (3.163) 

Both J„+i and Gn+i are independent of we can project from the point 

Pi (see Lemma [3. 3. 6p and get 

/f2«+2(X) ^ H^^{V{In+l,Gn+i)){-l) (3.164) 

with the variety on the right hand side living in P^'^+^(no Bn+i)- Now define 

V := V(/„+i, /„,) C V(/„,+i, Gn+i) C P'"+^ (3.165) 

We write an exact sequence 

Hl"{Ui) ^ //'"■(V(4+i, G„+i)) ^ 

o - o ^1 3.166 



where Ui := V(/n+i, Gn+i)\^- This Ui can be defined by the system 

(3.167) 



In+l — Gn+l — 
_ In ^ 0, 

where 

G„+i := All^ + A2^25„J„„i - 2A„A„+iJ„+i(n; n+l). (3.168) 

Such ?7i were studied in section 1 of chapter 1 (see (11.360 ). and Theorem 
11.1.71 claims that 

^1 = f/2 := V(J„,+i)\V(/„+i, /„) (3.169) 
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with U2 C p2'^+^(no Bn+i, We use the equahty 

=5„/„,-A2_i4_i, (3.170) 

and we project further from the point P3 where all the coordinates but 
vanish. One gets 

U2 = P'"\V(/„). (3.171) 

Now, the only appearance of A„+2 in J„ is inside the sum C„_i. We again 
change the variables as in the lemma above and come to the polynomial 
which has C„_i := An+2 and does not depend on An-i- Theorem B 
{N = 2n, k = 0, t = 1) implies that i7*(p2''\V(/;)) = for z < 2ra and 

i/f +^(P2"\V(/;)) = i/f -i(p2"-^V(/;))(-l). (3.172) 

Note that V(/4) is exactly the graph hypersurface for WSn- The exact 
sequence 

prim \ ) prim \ '^\ nil 

i/f -^(P2"-1\V(/;)) > /72n-l(p2n-l^ ^ 

implies 

Hl-~\^^-'\V{0) = H';;rJ{V{I'J) = Q(-2). (3.174) 

Collect (I3A69D . fl3TrB . (l3l72|) and flXTTij) together; the sequence ^AMf 
simplifies to 

H'"iViIn+i, G„+i)) H'^'iV) ^ Q(-3) . (3.175) 

We can simplify the polynomial Gn+i on V C P^"+^(no -B^+i). Indeed, 
Theorem 11.1.51 in the first chapter asserts that when the coefficient /„ of 
A"^ vanishes (see f l3.168p ). then the rightmost summand in fl3.168p vanishes 
as well. Thus we can rewrite V = V(/„, /„+i, A„+2-B„/„_i). The defining 
equations of V are independent of A^- We can project from the point P2 
where all the variables but An vanish and get 

ff2n^y^ ^ H^n-2^y^^_^^^ ^^jjq^ 

where 

V := V(J„,/„+i, A„+25„/„_i) C p2"+i(no Bn+i,An). (3.177) 
By fl3.164p . fl3.175p and fl3.176p . one has the following exact sequence 

— > H^''+\X) — > H^'''-\V){-2) — > Q(-4) — >, (3.178) 
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One can avoid polarization and rewrite the exact sequence 

K^r^iX) H'XiV){-2) Q(-4) . (3.179) 
Now we attack V. Using the equahty 

In+l — Bnin — (3.180) 

we can write 

V = V(/„, A„+25„4-i, ^„-i/n-i). (3.181) 
Define the subvarieties Vi,V2<zV G p2"+i(no B„+i,/l„) by 



Vl '■— V(/„, Bn, An-llfi-l) 

V2 :— V(/„, ^„+2/n-l, ^n-l-^n-l)- 



(3.182) 



One has an exact sequence 



B^i^{V) — ^ H^i^{Vi) © -ffpHm (^2) 



(3.183) 



prim \ ! prim v J^/ ^ prim 

with 

Vs := V,nV2 = V{In, A„+2/n-l, A.-l/n-l). (3.184) 

Note that the defining polynomials of V2 are independent of Bn. Theorem 
A {N = 2n + l, k = 3,t = l) imphes 

Htrim{V2) = for i < 2n - 2. (3.185) 

Theorem A {N — 2n + 1, k = 3, t = 0) also gives us 

= for z < 2n - 3. (3.186) 

We show that H'^^^{Vi) vanishes as well. Define 

:= V(/n, /„_i) dV^d p2'*+^ (3.187) 

and denote by Vio the complement ViSVu. One has an exact sequence 

HT-\V,o) Hl^r^iV,) HX\V^,) (3.188) 

The equations of Vn do not depend on An-i or An+2 but only on the sum 
An-i + An+2 in Cn-i- After the change of variables Cn-i ■— An+2, we can 
apply Theorem A {N = 2n + 1, k = 3, t = 1) and get 

HXm'iVu) = 0. (3.189) 
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The open subscheme Vio is defined by the system 

Cn-lln-l ~ Gn^i = 

Br, = An-l = 0. (3.190) 

4-1 ^ 

Using the same change of the variables and expressing C„_i := An+2 from 
the system, we obtain that the projection from the point P4 where all the 
variables but An+2 vanish, induces an isomorphism 

V^io = P'"-V(4-i)- (3.191) 

We have forgotten variables An-i identifying P^"^^(no -B„,+i, An, Bn, 
An+2, An-i) with V{Bn,An-i) C p2'"(no Bn+1, An, An+2) ■ Bccause the 
polynomial /„_i is independent of An-2 and An+i, Theorem B {N = 2n — 2, 
k = 0, t = 2) imphes 

HiiVio) = for i < 2n - 1. (3.192) 
By fl3188|l and dSHH]), one gets 

= 0. (3.193) 

We return to the sequence fIXTO . By (IXTHSD . (IXM and fIXTO . we get 
an isomorphism 

Hi:rJ(V) = H'--%Vs), (3.194) 

where 

V3 := V(4, Bn, An+2ln-U ^n-l/„-l). (3.195) 

Consider V^i dV^C p2"+i(no A„) defined by 

^31 := ^3 n V{In-l) = V{In, Bn, /„-l). (3.196) 

One has an exact sequence 



prim 



(3.197) 



Theorem A {N = 2n + 1, = 3, t = 0) implies 

H'prinXVsi) = for z < 2r2 - 3. (3.198) 
Thus, the sequence fl3.197p yields an isomorphism 

H^-~%Vs) = Hl^~\VAVzi). (3.199) 
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The subscheme V3\V3i is defined by the system 

A-n-lIn-l = -^n. = | = = 

Br, = An+2ln-l = ^ \ = v4„+2 = 0. (3.200) 

4-1 7^ [ /n-1 7^ 

Now we consider VsyVsi as being in P^""^(no DV^) and define Y,S <Z P^"-^ 
by 

where by DVs the set of the dropped variables {i?„+i, A„, ^4,^+2, A„_i} 
is denoted. This gives us an exact sequence 

^ ^ i^'"-'(1^3\1^3i) — H^^'-'iY) (3.202) 

After rewriting 

) = V(/„_i,G„_i), (3.203) 

we note that S is exactly the variety which appears in the first reduction 
step of the case of WSn (see Theorem I3.2.3p . and we know that 

H^-^-^S) ^ Q(-l). (3.204) 

The computation of if^"~^(y) is less easy. The polynomial /„ is similar to 
the polynomial associated to WSn with the only difference that C„_i is not 
independent and is equal An+i + A„-2- We start from the upper left corner 
of the matrix and write 

J„ = 5o/^i-G„_i, (3.205) 

where 

= Alll_, + Al_^Jl^^ + (-l)"-iAoA„+iS„_2. (3.206) 
Consider fi C F C p2"-2(no DV^) defined by 

Fi := V(/„,/^_i). (3.207) 

One has 

^ Hl'^~'^{Y\Yi) H^''~^{Y) ^ H^''-^{Yi) ^ H^'''\Y\Yi) . (3.208) 
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Using the projection from the point P4 C P^"" ^ where all the variables but 
Bq vanish, we get an isomorphism 

Y\Yi = p2"-3\V(/^_i). (3.209) 

Because is independent of Aq, Theorem B{N = 2n — 3, k = 0, t = 1) 
implies 

H^n-3rY\vA = and 

(3 210) 

iyf -2(r\ri) ^ /f2n-4(p2"-4\v(/^_j(-i). 

One has an exact sequence 

— H'-%F'-') — i/^"-^(V(/^i)) 

and gets 

H^n^^(Y\Y^) ^ H^''-\V{ll_^)). (3.212) 

We can make a change of variables C„_i := An+i and, for the corresponding 
I'n-i (by Lemma [3. 2. 4p . we obtain 

^'""'(V(/li)) = H'^'\V{I'^,_;)) = 0. (3.213) 

By fl3.210p and (13.2121) . the sequence (13.2081) simplifies to an isomorphism 

H^n-3(Y) ^ H^''-\Yi). (3.214) 

Using the equality (13.2051) . we can write 

Y, := V(/„,/„_i) = V(4_i,G„_i)(2"+2). (3.215) 



The polynomials to the right are independent of Bq. We project from the 
point where all the variables but Bq vanish and come to Yi C P^"~^(no -DV5, 
Bq) defined by 

Fi := V(/„-i,G'„_i), (3.216) 
and together with (I3.214p this implies 

H2n-3^Y) ^ H^''-%Yi){-l). (3.217) 

Define 

Y2 := Fi n V(/2_2) = V(/„-i, (3.218) 
and consider an exact sequence 

^ iff -^(Fi\f2) ^ H^''-\Yi) ^ H^''-\Y2) Hl''-\Yi\Y2) . 

(3.219) 



CHAPTER 3. GLUINGS 



103 



The open subscheme yL\y2 C Fi C P^" ^(no DV5, Bo) is defined by the 
system 

iLi = 

Gn-i = (3.220) 

with Gn-i as in (13.2061) . This Gn-i has the same shape as that one we 
have studied at Section 1 of Chapter 1 with the only difference that the 
"variables" are chosen from the zero row and column. We apply Theorem 
11.1.71 and get an isomorphism 

Y,\% = Us := V(/^i)\V(/^i, (3.221) 

with Us C p2"-^(no DV5, Bo, Ao). Using the equation 

= BJl_, - Ajlts (3.222) 

and projection from the point where all the variables but Bi are zero, we 
get an isomorphism 

Us = p2"-^\V(/^_2) = P^""^V(/;2_2), (3.223) 

where I^_2 is the image of J^_2 under the change of the variables C„_i := 
An+i- Note that l!^_2 is independent of Ai, thus Theorem B{N = 2n — 5, 
k = 0, t = 1) implies 

Hi{Yi\Y2) ^ HiiUs) = i/^(P'"-^V (/;,%)) = 0, i<2n- 5. (3.224) 

and 

The localization sequence for V{I^_2) C p2"-6(no DV^, Bq, Aq, Bi, Ai) 
gives us 

We know (see Theorem I3.2.4p that 

= 0. (3.227) 

Thus, 

-^(Fi\f2) = ^'"^'(f/s) = i^^-'(p'"-^v(/;^2))(-l) = o. (3.228) 
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Using f l3.224p . (13.2281) and the sequence f l3.219p . we get an isomorphism 

H^'^-^Yi) ^ H'^'''\Y2). (3.229) 

Now recall that in the case when = 1^-2 = 0? the polynomial Gn-i 
does not depend on Aq (see Theorem ll.l.Sp . Thus, by (I3.206p . 

% := V{ll_„ Il_2) = V{ll„ A„+i/^_2, /^2)^'""'^ (3.230) 

We project from the point where all the variables but Aq vanish, and get 

H^^'-^Yi) = H^'''^^) = i72"-7(y2)(-l), (3.231) 
where Y2 C p2'^-^(no DV^, Bq, Aq) is defined by 

Y2 := V(/^i, /^2)• (3.232) 

Define the subvarieties ^21,^22 C Y2 C p2'^-^(no DV5, Bq, Aq): 



(3.233) 



Y21 :— V{In^l, In-2i 

Y22 := V(/„_i, A„+i, /„_2) 
with Y3 := Y21 n F22. One has an exact sequence 

^ rj2n-8/y \ ^ TT^n-S/y \ ^ 7:T2?i-8|'y \ ^ 

prim \ 21J ^ -^-^prim \ 22J -^■'^prim 13/ 

H^^-\Y2) H^"-''{Y2i) © i^'"-'(F22) . (3.234) 

Theorem A{N = 2n — A, k = 3, t = 0) implies the vanishing of the two 
leftmost summands. Moreover, by (13.2221) . 

>^22 := V(/^i, /2„2) = V(A„+i, Il_2, AJl_,), (3.235) 

and the defining equations of 1^22 are independent of Bi. Thus, by Theorem 
A{N = 2n - 4, = 3, t = 1), we obtain 

if2"-7(y22) = 0. (3.236) 

Now, we change the variables Cn-i '■= An+i and note that the variety Y21, 
the image of 1^21 under this transformation is exactly the variety appeared 
in the proof of the WSn case (was called ^„_i, see Theorem I3.2.3p . Thus 

H^'^-\Y2i) = Q(0). (3.237) 

The sequence (I3.234p simplifies to 

— H'p'^fm'iys) — H'''-\Y2) Q(0) ^, (3.238) 
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where 

Ys := V(A„+i, (3.239) 
We change the notation and consider Z C P^"~^(no DVs) defined by 

Z:=V(/^i,/^2,/n-2), (3.240) 

where DVg := -DV5 U {Bq, Aq, An+i}. To abuse the notation, we write Jj for 
Ij after setting An+i = (so, C„_i = An-'i). We are interested in 

<"™(^). (3.241) 



Define Zi, ^2 C p2"-5(no L'Vg) by 



Zi:=V(/^i,/i 



27' 



(3.242) 



Z2:=V(/i_i,/2_2 
then Z = Zi n Z2. We write an exact sequence 

^ ^prim 1^1 J -Hprim l^2j ^ -"prim l^J ^ 

. H^^^'^Z,) © iJ2"'^(Z2) — ^, (3.243) 

where Z := By Lemma [3. 2. 4[ this sequence gives us an isomorphism 

HX^\Z) = H'-\Z). (3.244) 
Using Corollary 11.1.21 we obtain 

Z := V(/^i, /^2/^2) = Wl-i, Sn-2)- (3.245) 
One can easily compute Sn-2 = A1A2 . . . An-2- Define Z3, Z4 C Z G P^""^ 

by 

Z3:=V(/^2,^n-2), 

Z4 := V(/^_25 'S'n-a) 
and := Z^Ci Z4. One has an exact sequence 



(3.246) 



— , H^^-\Z^) H^''-\Z) — > 

H^'''\Z3) © H^'^'^Z^) — > H^''-\Z5) — y (3.247) 

Since 

^n-2 = Cn~lIn-2 " ^n-2ln-3 (3.248) 

with Cn-1 = An-2, 

Z, := Z3 n Z4 = V(/^2, An-2, Sn-3) = V{An-2, ^n-s). (3.249) 
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The defining polynomials of are independent of Bi and B2, Theorem 
A{N = 2n - 5, = 2, t = 2) implies 

HU^{Z^) =0 for i < 2r2 - 6. (3.250) 

Similarly, 

Z3 := V(/^_i, An-2) = V{An-2) and H^'^'^Z^) = 0. (3.251) 

The sequence fl3.247p now yields 

H^^'\Z) = H^^'-^Zi) = i72"-^(V(S„_3, Il-i))- (3.252) 

From now the proof is very similar to that of Theorem 11.9 in [BEK] . We 
will analyse the spectral sequence 

El''= H^{V{A,,....,A^Jl_,)) ^ H^+^{V{Sn-,jLi))- (3.253) 

io<...<ip 

First, we have to compute H'^iVi^Ai^^, . . . , Aj^, For each j, 

< j < p + 1, define rij := ij — ij-i, where i-i := and ip+2 '■ —1- We have 
the partition n — 1 = Xlo^^^i- Computing modulo the ideal J' generated 
by Aig , . . . , Ai^ , we can factor 

In-i ^ llAt' ■ ■ ■ IV^'KCl mod J. (3.254) 

Each In[^^^ is a homogeneous function of ^271^-2 j ^ ^ _|_ ^^^^^ that of 
p2nj -3 fQj^ j _ p _|_ If nj = 1, = is a homogeneous function on P°. 
Define linear spaces 

C p2"-^'-6(Ai, . . . , Ao, • • • 4' • • • ' ^"-2, ^1, • • • > ^n-2) (3.255) 

and cone maps tt : p2"-P-6\Lj ^ p2«.-2 for < j < p and vr : p2"-p~6\^^^^^ _ 
p2n,-3^ Then 

V(A,„...,A^^„/i_i) = U7r7i(V(/^-+^)) (3.256) 

In the case rij = 1, j < p, we have simply V(/n^"^^^) = Lj. Set 

[/j. := p2'^^-2\V(/;^-^+^) (3.257) 

for < J < p and f/p+i : p2":'-3\V(J^;ti)- Define 

p+i 

p2„-p-6^ y 7r-i(V(/^-^+^)). (3.258) 
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It is easy to see that the map 11 • ^ ~^ 11 ^ Gf^"^ -bundle. Using 
Kiinneth formula, we get 



p+i (3.259) 

H:iu) = H:iG^^')0(^H:{u,). 

j=0 

Consider the case when nj > 1 for some j, 1 < j < or Up+i > 2. Then, 
the cohomology groups H*{U) vanish in degrees less than or equal to 

p 

p + 1 + J^(2nj - 2) + 2np+i - 3 = 2n - p - 6. (3.260) 

0=0 

This implies 

H;ri^{V{A,,...,Ai^Jl_,)) = Q foTt<2n-p-7. (3.261) 

The exceptional case is when nj = 1, j < p and Up^i = 2. In this case p — 4, 
U = GP+^ and H'^-'^{U) ^ contrary to (13:2601) . We get 

n— 3 

^ H\V{A,, . . . , A„_3, J^i)) = H\V([[ i?,i?„_2A„_2)) (3.262) 

i=i 

(here, for l2~^ we used the change of variables Bn-2 '■= -Bn-2— ^n-2)- Strat- 
ifying V{Bi . . .Bn-2An~2), usiug Mayer- Vietoris's sequence and induction, 
it is easy to compute (-E'"~'''"~^)prjm = Q(0), and -Eg'"^ = for p + g = 2n — 7 
and 1 < p < n — 5. Moreover, 

n— 3 

^=1 (3.263) 
By dSSSOD, ^2'^""^ = as well. Now, consider the sequences 

^p-r,q+r-l ^ ^p,g ^ (3.264) 

for r > 2 and p + g = 2n — 7. The group to the left vanishes by (13.2601) . the 
group in the middle vanishes for p 7^ n — 4. For p — 4 the group to the right 
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vanishes because we have only n — 3 components. Thus, -Ef+i = -^r'^ = ^oo- 
Finally, we get 

H^^'-^Zi) = Q(0). (3.265) 
By (K7m . dSSlOD, ^^Tim and flX^ . the sequence flX^ takes the form 

— ^ Q(0) if'"-'(r2) ^ Q(0) (3.266) 

Together with (13.2171) and (13.2311) . this gives us the exact sequence 

— , Q(_2) — > H"{Y) — > Q(-2) — > . (3.267) 

Consequently, 

H^n^^iY) ^ Q(-2)®^ (3.268) 

for i = 1 or z = 2. We return to the sequence (I3.202p . and using (I3.204p . we 
get 

— , Q(_i) — , H^''-'\V3\Vsi) — y H^^'-^Y) — > . (3.269) 

By (I3.194P and (13.1991) . we can rewrite this sequence 

Q(-l) H'XiV) — H'-%Y) — . . (3.270) 

From this, one can describe H'^r^iV): 

?,^2{Hl:r^{V)) = Q(-l), gr7{Hl:-^{V)) = ^{-2^ (3.271) 

and all other gr]^ are zero. Here < j < i, thus j equals 0, 1 or 2. Now, 
using the exact sequence (I3.179P we get finally 

&7{Hl:-^{X)) = Q(-3) and gr^iH^XiX)) = Q(-4)®^ (3.272) 

where (i = 0, 1 or 2, and all other grf^ = 0. 

□ 

We are almost sure that we always have gr J^-„(X) = Q(— 3) for X being a 
graph hypersurface of WSn x WS^, n,m > 4, but we are not sure that this 
can be done with our technique even in the case of WS4 x WS^. 

It is very interesting to understand, what can the (first nontrivial weight 
piece of) middle dimensional cohomology for gluings of primitively log di- 
vergent graphs be in general. Consider the very simple series of examples 
of such gluings, namely the WS^s glued "in a strip". Fix some m > 2 and 
choose m graphs Ai, . . . , A^, where Aj = WSn, for > 3, 1 < i < m. As 
in Theorem 12.2.51 , a-edges are defined to be the " spokes" while the 6-edges 
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are the other (boundary) edges. Define Fi := Ai and Tk+i := x A^+i, 
the gluing of the graphs and A^+i along a 6-edge of that belongs to 
Ak and some 6-edge of A^+i, k < m. For any graph F from this series we 
hope that the minimal weight piece is still of Tate type 

grZin{Xr)^Q{-m-lf' (3.273) 



for some d — d(F) > 1. 
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